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ABSTRACT. The chromatic polynomial wg (k) of a graph G can be viewed as counting the number of vertices
in a family of coloring graphs Cx(G) associated with (proper) k-colorings of G as a function of the number of
colors k. These coloring graphs can be understood as a reconfiguration system. We generalize the chromatic
polynomial to 7T(GH) (k), counting occurrences of arbitrary induced subgraphs H in these coloring graphs, and
we prove that these functions are polynomial in k. In particular, we study the chromatic pairs polynomial

ﬂgpz)(k), which counts the number of edges in coloring graphs, corresponding to the number of pairs of
colorings that differ on a single vertex. We show two trees share a chromatic pairs polynomial if and only
if they have the same degree sequence, and we conjecture that the chromatic pairs polynomial refines the
chromatic polynomial in general. We also instantiate our polynomials with other choices of H to generate
new graph invariants.

Keywords. Chromatic polynomial, reconfiguration systems, coloring graphs, graph invariants.
MSC Codes. 05C15, 05C31

1. INTRODUCTION

For positive integer k, a (proper) k-coloring of a graph G is an assignment of each vertex in G to a number
in {1,...,k} such that no two adjacent vertices have the same color. The chromatic polynomial m¢ (k) counts
the number of k-colorings of G as a function of k. Birkhoff originally introduced this function to tackle the 4-
color conjecture and showed that w¢(k) is a polynomial function in k [Bir12]. Read’s article on the chromatic
polynomial [Rea68] is an excellent introduction to this important function and graph invariant.

The function mg(k) satisfies the deletion-contraction recurrence: ng(k) = mg_c(k) — Tg/e(k) for any
graph G and edge e € F(G). By induction on the number of edges, the recurrence implies that g (k) is a
polynomial. This graph invariant contains information such as the number of vertices, edges, triangles, and
connected components of G. However, it is far from a complete invariant. For example, every tree T on n
vertices shares the chromatic polynomial 77 (k) = k(k — 1)"~1.

1.1. Our Results. Noting that the chromatic polynomial counts colorings in isolation, we examine the
relationship between related colorings. In particular, we call two colorings adjacent if one can be obtained
from the other by toggling the color of a single vertex. Counting the number of such pairs of colorings, we
obtain a new invariant, which we call the chromatic pairs polynomial. We show that this function takes a
particular form for trees (see Table 1) that immediately implies that two trees with the same degree sequence
agree on this function. Conversely, the degree sequence can be extracted from this function to show that two
trees share a chromatic pairs polynomial if and only if they have the same degree sequence (Theorem 5.1).

Our main result is a generalization of this function that allows us to count more complex relationships
between colorings. More precisely, we consider an object called a k-coloring graph, which organizes all proper
k-colorings of G in a single graph Cy(G). Each vertex of Ci(G) corresponds to a k-coloring of G, and the edge
set of C(G) corresponds to the pairs of adjacent colorings. From this point of view, the chromatic polynomial
and chromatic pairs polynomial count the number of vertices and edges, respectively, of the coloring graph.
Our generalization provides a formula for WéH)(k‘), counting the number of times an arbitrary graph H
appears as an induced subgraph of G in Ci(G) as a function of k. Our main result, Theorem 3.1 in Section 3,
is summarized as follows:

Theorem (Theorem 3.1). Fiz graphs G and H, and let WgH)(k) denote the number of induced subgraphs of

Cr(Q) that are isomorphic to H. Then 7T£;H)(k‘) is a polynomial in k for k sufficiently large relative to H.
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We note that wgPZ)(k:) yields the chromatic pairs polynomial, and further exploration of this special

case reveals additional insight about how it may be used as a refined invariant relative to the chromatic
polynomial. In Section 4, we instantiate the chromatic pairs polynomial for the classes of graphs in Table 1.

Graph Chromatic Polynomial Chromatic Pairs Polynomial
N, k" n(5)
K, |k(k—1)(k—=2)---(k—n+1) 2k(k—1)(k—2)-- (k—n)
Tree k(k— 1)1 (5) Xpev o (k — 2)38@) (] — 1yn—des() -1
Cn (k—1)"+ (=1)"(k—1) 2k(k—4)(k— 1"t +2n(k —1)" '+ (=1)"n(k — 1)(k — 2)

TABLE 1. Comparison of chromatic polynomials and chromatic pairs polynomials for various graphs

In Section 5, we derive explicit formulas for several coefficients in the chromatic pairs polynomial.

Theorem (Theorem 5.2). Let G' be a graph with n vertices, m edges, degree sequence {d;};c[n), £ triangles,

and t connected components. Then there exist positive rational numbers a,_o,an_3,...,a; such that
n
(P) g Moppr nA+nm+2m 1 [ nm(m+1) 9 1 o\ o1
mg (k) = Gkt - e ek o | e+ 2m —m—(n+3)€+§;di k

— an,gk"_2 + an,gk"_3 — ...+ (—1)n+1_tatk/‘t .

Collectively, this gives us results analogous to chromatic uniqueness. Specifically, we show that chromatic
pairs polynomials for null and complete graphs, certain types of trees, and cycles are unique. All of these
results point to the conjecture that the chromatic pairs polynomial is a refined invariant of the chromatic
polynomial in the following sense:

Conjecture (Conjecture 6.1). If two graphs have the same chromatic pairs polynomial, then they have the
same chromatic polynomial.

We also study additional instantiations of our general result, including the task of counting cycles in
coloring graphs. This task is increasingly difficult for cycles of growing length. We also study necessary and
sufficient conditions for occurrences of induced hypercubes in coloring graphs, which relates to independent
sets and can be used to distinguish graphs based on coarse information about their coloring graphs.

Failing to identify non-isomorphic graphs that match on all H-polynomials, we predict that a graph G is

completely determined by the infinite family of polynomials 7 as H ranges through all graphs.
letely determined by the infinite family of polynomials 7o) (k) as H hrough all graph

Conjecture (Conjecture 6.3). For graphs Gy and Ga, G1 = G4 if and only ifw(cf)(k) = wélf)(k) for every H.
1.2. Related works. This paper contributes to the broad literature on graph invariants and specifically
those works studying generalizations and refinements of the chromatic polynomial. Core to our construction
of WéH)(k) is the notion of restrained chromatic polynomials due to Erey [Erel5]. This generalization of the
chromatic polynomial counts the number of proper colorings of a graph G where each vertex is restrained by
a finite list of forbidden colors. Our polynomial WéH) (k) is a linear combination of these restrained chromatic
polynomials. Central to Erey’s work on restrained chromatic polynomials is the proof that they are, in fact,
polynomials for large enough k. We rely heavily on this result in proving the eventual polynomiality of our
function WéH)(k).

Our work is inspired in part by coloring graphs C(G). Coloring graphs generalize the chromatic polyno-
mial in the sense that mg(k) = |V(Cr(G))|. These objects were initially studied in the context of counting
and sampling colorings [DFFV06, Mol04, Vig00]. For these applications, it is important for Cr(G) to be
connected, and work has been done to establish bounds on k that guarantee connectedness [CvdHJOS].
More recently, other features of coloring graphs have been explored, including cycles, cut vertices, and block
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structures [ABFR18, BFHT 16, BKM 123, BBFT19]. By counting instances of induced copies of H within a k-
coloring graph, FéH)(k) seeks to translate structural information about the coloring graph into the language
of polynomial functions.

Coloring graphs are one example of the more general notion of reconfiguration graphs. In reconfiguration
problems, one considers a set of states of some system equipped with a specific transition rule. From this
setup, we construct a reconfiguration graph in which the vertices are states of the system and edges connect
states that differ by a single application of a transition rule. Examples abound from reconfiguration systems
for dominating sets [ABC™21,HS14] and shortest paths [AEH" 18] to reconfiguration systems encoding pos-
sible positions of a robotic arm within a restricted space [AG04]. Analogs of WéH) (k) in other reconfiguration
contexts might provide interesting statistics for these systems.

There are many generalizations of the chromatic polynomial, including the important Tutte polynomial
([Tut54], see [Bol98, Chapter 10]). This two-variable graph invariant appears in other fields, such as knot
theory, where one of its specializations yields the famed Jones polynomial for a certain family of knots. The
Tutte polynomial can be defined in various ways including via a deletion-contraction process. While the Tutte
polynomial is indeed a rich invariant, it exhibits some of the same deficiencies as the chromatic polynomial.
In particular, it cannot distinguish between any pair of trees with the same number of edges. In contrast,
our chromatic pairs polynomial WGPQ)(k) can distinguish between trees with distinct degree sequences.

In another direction, the chromatic symmetric function [Sta95] and the non-commutative chromatic sym-
metric function [GS01] extend the chromatic polynomial by encoding each coloring as a monomial with a
different variable representing each color. In the non-commutative case, this function provides a complete
invariant as it is essentially a list of all possible colorings of the graph (see [GS01, Proposition 8.1]). As

mentioned above, we conjecture (in Conjecture 6.3) that the family of polynomials ’ﬂ'éH)(k‘) also provides a
complete invariant without retaining such granular coloring data.

1.3. Structure of the paper. In Section 2, we streamline notation and discuss preliminary tools, including

restrained chromatic polynomials. In Section 3, we introduce the concept of an H-generator and prove

Theorem 3.1, stating that for any graphs H and G, the function WéH) (k), counting the number of occurrences

of H as an induced subgraph of Ci(G), grows polynomially with k. Section 4 explores wéH) for several choices
of H, focusing on the cases when H is a 2-path or a cycle. In particular, we compute the chromatic pairs
polynomials (H = P,) for null graphs, complete graphs, trees, cycles, and pseudotrees. Section 5 showcases
how these polynomials FéH) serve as invariants for various graph families. For example, Theorem 5.1 proves
that the chromatic pairs polynomial of a tree determines its degree sequence, and Theorem 5.6 establishes
the uniqueness of the chromatic pairs polynomial for the cycle graph. Section 6 discusses our final conjecture,
which predicts that the infinite set of coloring graphs is a complete graph invariant, and we show how this

conjecture is equivalent to another conjecture written in terms of our H-polynomials.

Update on our conjectures. In response to a posted preprint of this work, Hogan, Scott, Tamitegama,
and Tan [HSTT24] prove new results that resolve our Conjecture 6.4. This recent work also gave an alterna-
tive proof of our main result (Theorem 3.1). Their proof did not rely on restrained chromatic polynomials
and showed that wéH)(k) is a polynomial for all £ > 1. Our original preprint established that WéH)(k) is
polynomial for sufficiently large k. We have left our original theorem statement and proof, and we have now

added Remark 3.2 after Theorem 3.1 observing that our function is in fact also polynomial for all k£ > 1.

2. PRELIMINARIES

We use N = {1,2,...} to denote the set of positive integers, and for k € N, we let [k] = {1,...,k}. For
integers n >k > 0, let (}) = #Lk)' For simplicity, let (}) =0 when k >n > 0.

A (simple, finite) graph G consists of a finite vertex set V(G) and edge set E(G), where E(G) is a subset
of (unordered) pairs of elements in V(G). For u,v € V(G), we often use uv as shorthand for {u, v} with the
understanding that uwv = vu for undirected edges. For v € V(G), we let N(v) = {u € V(G) : wv € E(GQ)}
denote the neighborhood of v, and we let deg(v) = |N(v)| denote the degree of v. For any U C V(G), we let
G[U] denote the subgraph of G induced by U, that is, the graph with vertex set U and an edge for every
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edge in G with both ends in U. We also write G — U as shorthand for G[V — U] and write G — v as shorthand
for G[V — {v}] for some v € V(G).

In this paper, we will consider several well-studied families of graphs. These families include null graphs,
where NN,, denotes the edgeless n-vertex graph; complete graphs, where K,, denotes the n-vertex graph with
(5) edges; trees, which are connected graphs with |E(G)| = |V(G)| — 1; pseudotrees (also known as unicyclic
graphs), which are trees augmented by one edge; paths, where P, denotes the n-vertex tree with max
degree 2; cycle graphs, where C,, denotes the n-vertex graph that is connected and 2-regular; and hypercube
graphs, most easily defined in terms of Cartesian products. For two graphs G; and Gs, we let Gy O G4
denote the Cartesian product of G and Go, with vertex set V(G1) x V(G2) and edge set {{ujug, vive} | ug =
vy and ugvy € E(G2), or us = vy and u;vq; € E(G1)}. The d-dimensional hypercube @4 is the Cartesian
product of d copies of Py, which has 2% vertices and d - 24~ edges.

For e € E(G), we let G — e denote the graph with vertex set V(G) and edge set E(G) — {e}, and G/e
denotes the graph contracted on edge e, in which e is removed and its ends are replaced with a single vertex
adjacent to every vertex in the neighborhood of either end of e in G. For graph G and k € N, a (proper)
k-coloring of G is a function ¢ : V(G) — [k] such that c(u) # c(v) for all uv € E(G). The chromatic
polynomial of G is defined as

e (k) = # distinet k-colorings of G

The fact that wg(k) is a polynomial in &k can be derived from the deletion-contraction principle, which
observes that 7g(k) = Tg_c(k) — 70 (k) for any graph G and edge e € E(G) [Rea68, Theorem 1].

For graph G, a restraint r is a mapping from V(G) to finite subsets of N. That is, the function r maps
each vertex of G to a particular finite subset of N. Fixing graph G and restraint r, we define a corresponding
restrained chromatic polynomial as

par(k) =1{c: V(G) — [k] s.t. cis a k-coloring of G and c(v) & r(v) for all v € V(G)}|.

We drop the subscript G when clear from context. This function counts the number of proper k-colorings in
which no vertex is colored one of its colors forbidden by r. This function specializes to the usual chromatic
polynomial for the trivial restraint ro with ro(v) = 0 for all v € V(G). The edge deletion-contraction
recurrence for chromatic polynomials can be generalized to establish that pg (k) = p(k) for some polynomial
p and any k > ko, where kg denotes the maximum integer that appears in r [Erel5, Theorem 4.1.2]. We
refer to these functions pg , as polynomial for sufficiently large k.

For graph G and k € N, we can organize the 7g(k) distinct k-colorings of G in a graph Ci(G), called
the k-coloring graph of G, whose vertex set corresponds to the set of k-colorings of G and whose edge set
corresponds to pairs of k-colorings that differ on a single vertex of G. Figure 1 below depicts the 3-coloring
graph for a 3-path, with each vertex of the coloring graph represented as a labeled rectangle.
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FIGURE 1. C3(Ps), the 3-coloring graph for Ps, with vertex labels indicating their underlying colorings
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3. GENERALIZATION OF THE CHROMATIC POLYNOMIAL

In this section, we prove that for any fixed graphs G and H, the number of times H appears as an
induced subgraph in Cx(G), the k-coloring graph of G, is polynomial in k for sufficiently large k. We call

this polynomial ﬂéH)(k) the chromatic H-polynomial of G. This generalizes the chromatic polynomial, with

ma(k) = wéNl) (k). Our proof demonstrates a finite enumeration of all the ways to color particular subsets of
U C V(G) in order to yield an induced copy of H in Cr(G), and it uses restrained chromatic polynomials to
count the number of consistent colorings of V(G—U). We note that while deletion-contraction is used to prove
polynomiality of the chromatic polynomial (and restrained chromatic polynomials), deletion-contraction does
not hold for the chromatic H-polynomial of G for general H. Instead, we rely on writing this function as a
sum of restrained polynomials, each of which are known to be polynomial for sufficiently large k. We give
the necessary notation and technical definitions before stating and proving the result.

3.1. Definitions. Fix graphs G and H. Let U be a subset of V(G), and let C be |V(H)| functions from the
set of all functions c: U — N. We call the pair (U,C) an H-generator in G if the following two conditions
hold:

o The elements of C correspond to proper colorings of G[U], in that for every ¢ € C and v;v; € E(G[U]),
we have ¢(v;) # ¢(v;); and

e H is isomorphic to the graph identified by vertex set C' with edges between every pair of colorings
that differ on their assignment for a single vertex in U.

We further call (U, C') a minimal H-generator if the following two additional conditions hold:

e U includes only vertices that take on at least two colors in C, that is, for every v € U there exist
c1,co € C with ¢1(v) # ea(v); and

e (' uses its full range of colors, that is, if k € N is in the image of some ¢ € C, then any value less
than x must be in the image of some ¢’ € C.

Intuitively, an H-generator describes a set of coloring changes in a subgraph of G that corresponds to
a realized induced copy of H in the coloring graph of G. For example, consider G = P5 (with vertices vy,
vy, and v in their natural, left-to-right ordering) and H = P;. Note that G = H in this example, but
G corresponds to the base graph and H is the subgraph we are counting in Ci(G). Let U = {v1,v3} and
C = {c1,c2,c3} where:

c1(v1) =2, c1(vy) =2
(31) CQ(’Ul) =2 y CQ(’Ug) =3
cs(v1) =3, c3(vg) =3 .

This (U, C) is a P3-generator (but not minimal as color 1 is not used), corresponding to at least one copy
of P5 in C(Ps3) where vy and vs alternately change between colors 2 and 3. There is only one such instance
in C5(Ps), which is indicated in the subgraph of Figure 1 reproduced in Figure 2. Other choices of U and C
would correspond to additional copies of Ps in Ci(P3).

FIGURE 2. The induced P; in C3(Ps3) generated by ({v1,vs}, C), for C = {c1,c2,c3} as in Egs. (3.1)

In counting the occurrences of H in the coloring graphs for G, our result considers the restraints imposed
by each H-generator. Specifically, for H-generator (U, C'), we specify a restraint on G — U given by

(3.2) rw,cy(w) ={j : c¢(u) = j for some u € N(v)NU and c € C} for v € V(G) - U.
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This restraint corresponds to forbidding any vertex not in U from having any of the colors assigned by C' to
any neighbor of the vertex in U.

Returning to the example of G = H = P3 with U = {v1,v3}, and C' = {¢1, c2,c3} as defined in Eq. (3.1),
in this case, V(G) — U = {va} and r(y, ¢y is defined by 7,y (v2) = {2,3}. In Figure 1, this corresponds to
the copy of P53 shown in Figure 2, which occurs only where vo does not take colors 2 or 3.

We say a minimal generator (U, C') uses & colors if & is the largest value in the image of any ¢ € C. In the
special case that U = (), we let ¢y denote the coloring with empty domain and say (), {cp}) uses zero colors,
as in Corollary 3.3 of our main result. Let ko(G, H) denote the largest value of k such that G has a minimal
H-generator that uses x colors, dropping the arguments G and H when clear from context. This value kg is
bounded above by 2|E(H)|, because every minimal generator must yield |E(H)| edges that each correspond
to a (not necessarily distinct) vertex of G swapping between one of 2 colors. Then we let G(&1) denote the
set of all minimal H-generators in G, dropping the superscript when clear from context, and we partition
this set as G = Go UG UGa U - - U Gy, where G, corresponds to minimal H-generators that use s colors.

We also define a particular permutation that will be useful in establishing a bijection for our main result.
For natural numbers x < k and color palette P = {ji,...,Jjx} with j; <--- < j, <k, we let op denote the
permutation of [k] defined such that

op(j;) =i for i€ [k] , and
(3.3) op(j) < op(j’) for any j < j' with j, 5" & P.

This is the unique permutation that maps the elements of P to [x] while maintaining the order of colors in
P and the order of colors not in P.

3.2. Polynomiality of Induced Subgraph Counts. We now prove that the number of induced copies of
a graph H in Cx(G) grows as a polynomial function in k. This polynomial function can be written as a sum
of restrained chromatic polynomials whose restraints correspond to minimal H-generators. The key idea of
the proof is that every isomorphic copy of H in Cr(G) corresponds to a unique H-generator by applying op

to the palette P used by that copy of H in Ci(G).
Theorem 3.1. Fix graphs G and H, and let WéH)(k’) denote the number of induced subgraphs of C.(G) that

are isomorphic to H. Then ng)(k) is a polynomial function of k for sufficiently large k. In particular,

" 2|E(H)| k
(3.4 SO YD S (4 [NCR
k=0 (U,C)€EG,

Proof. We will show that for fixed graphs G on n vertices and H on ¢ vertices and m edges, there is a
finite set of minimal H-generators that use at most 2m colors and none that use more. We argue each such
generator contributes a number of occurrences of H as an induced subgraph of C;(G) that is polynomial in
k for k > ko, and these contributions account for all occurrences of H in Ci(G), establishing polynomiality
of 7 (k) for k > k.

To enumerate the minimal generators (U, C') € G, observe that there are Y . (’Z) candidate choices for
U C V(G) of size at most m, and for each U there are at most ((2"2)’”) choices for C'. This is because each
of ¢ functions must assign each of at most m vertices to one of at most 2m colors. Hence, |G| is finite.

Because each minimal generator uses only colors in [ko] (recalling ko < 2m), each p;,, ., (k) is guaranteed
to be polynomial for k > ko [Erel5]. Therefore, it suffices to show that each (U, C) € G,; accounts for exactly
(fz) “ Prev.cy (k) occurrences of H in C(G) and that there are no other occurrences of H.

For k > ko, fix any particular occurrence of H as an induced subgraph of Ci(G), and let P be the palette
of kK < 2m colors used for the vertices of G that change color in this induced subgraph. Applying op to
the colorings associated with the vertices of this subgraph yields a unique minimal generator and choice of
coloring of the vertices of G frozen in the occurrence of H in C(G). Likewise, any choice of minimal generator
(U,C) combined with one of the p;, ., (k) compatible assignments for V(G) — U contributes (ﬁ) distinct
occurrences of H as an induced subgraph in Ci(G). Hence we have our desired expression for k > k. (]

Remark 3.2. Hogan, Scott, Tamitegama, and Tan [HSTT24] strengthened the statement of Theorem 3.1 to
hold for all k > 1, as opposed to sufficiently large k. We note that our proof holds for £ > 1 as well. The
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restrained chromatic polynomials appearing in Eq. (3.4) are all polynomial for k > &, and the binomial term
(fz) is identically 0 for all k < k.

We note that the chromatic Nj-polynomial by definition is the chromatic polynomial. To check that
the right-hand side of Eq. (3.4) evaluates to mg(k), note that any minimal N;-generator must have exactly
|[V(N1)| = 1 coloring ¢ € C. Any v € U must take on at least two colors in C, so we have U = () and C
consists of the unique coloring with empty domain, with this generator using zero colors. (Note in fact that
N is the only choice of H with Gy # .) Hence, the summation consists of this unique (U, C) € Gy. Then

(ﬁ) =1, and because U = ), r(y,¢y imposes no constraints, we have p;., ., (k) = 7g (k).

Corollary 3.3. For any graph G, the chromatic Ny-polynomial of G equals the chromatic polynomial of G.

Before studying particular instantiations of chromatic H-polynomials, we make a few observations about
these polynomials that apply to any H and G that do not rely on the polynomiality of these functions. In

particular, we observe that Wé ) is monotonic in three different senses.

(1) (Monotonic in k) Because Cr(G) is an induced subgraph of Cr+1(G), we have W(C;H)(k +1) > WEH)(k)
for each k € N.

(2) (Monotonic in H) For any induced subgraph H; of graph Hj, every minimal Hs-generator in G

contains a minimal Hj-generator in G, so WéHl)(k) > wéHQ)(k) for each k € N.

(3) (Monotonic in G) If Gy is a subgraph of G5 with the same vertex set, then Ci(G2) is an induced
subgraph of C;(G1). Thus, 778?)(/4;) > ﬂ'gj)(k;) for each k € N.

4. INSTANTIATIONS

In this section, we illustrate how to instantiate new generalizations of this polynomial 7T(GH)(I<:) beyond
the well-studied chromatic polynomial with H = N;. We begin with the smallest subgraph with an edge,
H = P,. The polynomial 71'832) (k) counts the number of edges in the coloring graph Ci (G), which equivalently
counts the number of pairs of k-colorings of G that differ on exactly one vertex. For that reason, we refer to
ﬂgPQ) as the chromatic pairs polynomaial.

We give a general formula in Eq. (4.1) for the chromatic pairs polynomial as a sum of particular restrained
chromatic polynomials, and we derive closed-form expressions for the chromatic pairs polynomial for certain
families of graphs. We remark that these results immediately yield results for H = Ns, which counts the

(N1)
number of pairs of colorings that differ on more than a single vertex, because 7r(GN2)(k) = ("o 12 (k)) —Wé,PQ)(k).
After our discussion of chromatic pairs polynomials, we discuss how our general polynomial result can
additionally be applied to count cliques and small cycles in coloring graphs.

4.1. Counting Edges in Coloring Graphs. To provide a general expression counting the number of
pairs of colorings of a graph that differ on a single vertex, we first observe that minimal Ps-generators all
have a particular form, regardless of the base graph G. Any edge in the coloring graph corresponds to
one vertex swapping between two colors, so minimality requires that any minimal Ps-generator (U, C) is
such that U = {v}, where v is a single color-changing vertex, and C' = {c1,c2} with ¢1(v) = 1,c2(v) = 2.
Correspondingly let 7({4},{c;,c0)) = 7’1(,2) denote the restraint on G — v that forbids neighbors of v from taking
colors 1 or 2. Then Theorem 3.1 simplifies to the following formula counting edges in a coloring graph:

@) W= (5) X e

veV(G)

In general, the forms of the individual p (2 are vertex- and graph-dependent. We now provide a few
specific examples for certain classes of graphs.

4.1.1. Counting chromatic pairs for null and complete graphs. The p (2 are particularly easy to compute for

highly structured graphs such as null and complete graphs. The vertices in a null graph have no neighbors, so

when one vertex changes colors, the remaining n— 1 vertices each have their full palette available. Therefore,
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for any vertex v in a null graph, p (k) = 7n,_, (k) = k"=1. This yields the following chromatic pairs
polynomial:

(4.2) T (k) =n (’;) Kl

On the other hand, any vertex of a complete graph restrains all other vertices from taking two colors. Thus
p. (k) =7k, ,(k—2)=(k—2)(k—3)--(k—n). The chromatic pairs polynomial is then given by:

(4.3) mie (k) n<§>(k2)-~(kn) = gk(kf D(k—2)-(k—n).

4.1.2. Counting chromatic pairs for trees. Null and complete graphs are vertex-transitive, meaning that for
any two vertices there is an automorphism of the graph mapping one to another. This is not true for trees
in general, so the restrained chromatic polynomials differ across vertices. However, we show that for any
vertex v in a tree T', p (> depends only on the degree of v in T'. That is because each neighbor of v has 2
colors forbidden by v and then serves as the root of a subtree. Each non-root node of these subtrees has
exactly k — 1 color options because it is restrained only by its parent. Hence, for any tree T with |V(T)| = n
vertices, the number of edges in its k-coloring graph is given by

(4.4) 7_(_51}’2)(]{_) _ (S) Z (k‘ o 2)dcg(v)(k - 1)n7dcg(u)fl .

veV(T)

4.1.3. Counting chromatic pairs for cycles and other pseudotrees. We can similarly reason about the chro-
matic pairs polynomial for pseudotrees, which are connected graphs with equal numbers of vertices and edges.
We first examine the special case of cycle graphs. We define the following restrained chromatic polynomials
to help with the notation of the argument:

e 0, (k) is the number of k-colorings of P, with restraints {1,2} for each leaf; and
e 7,(k) is the number of k-colorings of P,, with restraint {1} for the first leaf and {2} for the second.

(P2)

Figure 3 illustrates how to write e, in terms of o,_1 and 7, in terms of 7¢ respectively. First,

n+2"
observe that each edge in Ci(C,) corresponds to one of n vertices swapping between any of (g) pairs of
colors. The resulting number of ways to k-color the rest of the graph is exactly the number of ways to color
P,,_1 such that neither leaf takes colors 1 or 2. Hence, we can write the chromatic pairs polynomial for C,
in terms of o,, as follows:

(4.5) T2 (k) = n<’;) on_1(k) .

Next, note that we can color an (n + 2)-cycle by fixing the colors of two adjacent vertices and coloring the
remaining P,, such that each leaf has a single distinct restraint, so we can write 7,, as follows:

. )7TC¢L+2 (k) .

(4.6) (k) = m

{2y {12 {1} {2}
P

g/

FIGURE 3. Explaining o and 7 in terms of cycles (Egs. (4.5) and (4.6))

Note that the chromatic polynomial for a cycle is 7¢, (k) = (k —1)" + (—=1)"(k — 1) [Rea68, Theorem 6],
yielding a closed-form expression for 7, (k). We can further express o in terms of 7 with the following
inclusion-exclusion argument in order to give a closed-form expression for wg}:?). There are k(k — 1)"71
unrestrained colorings of P,. Out of these colorings, there are 2(k — 1)"~! colorings that violate a restraint
of o by coloring the left leaf 1 or 2, with another 2(k—1)"! colorings that violate the same right leaf restraint.
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Subtracting these two sets from the total yields (k —4)(k — 1)"~! colorings that satisfy the restraints {1,2}
for each leaf. However, this undercounts the total number of such colorings because these two sets with
violating colorings have a nonempty intersection. We need to add back in the colorings in this overlap which
include two types, depicted in Figure 4:

e Colorings in which one leaf is 1 and the other is 2, and
e (Colorings in which both leaves are 1 or both leaves are 2.

{1} {2} {13  {g
OHO——OH® @ ©—D
Pn72 n—3

FIGURE 4. Colorings of P, that violate {1, 2} restraints for both leaves

The number of colorings in which one leaf in P, is 1 and the other is 2 (left side of Figure 4) is the number
of colorings of P,,_5 in which one leaf is not 1 and the other is not 2, which is exactly 27,,_2(k), where the
factor 2 accounts for which leaf is colored 1. The number of colorings in which both leaves are 1 (right side
of Figure 4) is the number of colorings of P,_3 in which one leaf is not 1, respecting the constraint of the
left leaf of P,, and the other leaf is not ¢ # 1 for any of £ — 1 choices the neighbor of the right leaf in P,.
The number of colorings in which both leaves are 1 or both leaves are 2 is thus 2(k — 1)7,_3(k).

Adding back these overlap colorings yields an expression for ¢ in terms of 7 as follows:

on(k) = (k—4)(k —1)"" ' +2(k — V)1_3(k) + 27 _2(k) .

Then substituting this into our closed-form expression for 7 into Eq. (4.5), we have the following chromatic
pairs polynomial for cycle graphs:
70 (k) = gk(k —4) (k=D 20k — D"+ (=1)"n(k — 1)(k — 2).

We now use this result for cycle graphs to give a chromatic pairs polynomial for any pseudotree. For
pseudotree G on n vertices with a unique cycle of length ¢ < n, let dy,...,dy be the degrees of the cycle
vertices v1,...,vs, and let dgq1,...,d, be the degrees of the remaining vertices vg41,...,v,, noting that
Zie[n] d; = 2n. Every edge (occurrence of H = P) in Ci(G) corresponds to either a cycle vertex changing
color or a non-cycle vertex changing color; we will count these types of edges separately.

To count the occurrences of P, corresponding to cycle vertices, we note that of the W(CIZQ)(k) edges in an
¢-cycle’s coloring graph, each vertex in Cy contributes an equal proportion. In Ci(G), each of these edges due
to cycle vertex v; appears (k — 2)%~2(k — 1)»~¢~(4=2) times because of the restraint this edge’s colorings
impose on the remaining n — ¢ non-cycle vertices.

Figure 5 gives an example of how to count the occurrences of P, corresponding to a non-cycle vertex. In
general, we first choose one of (g) pairs of colors for non-cycle vertex v;. Each of its neighbors has these two
restraints, so there are (k —2)% neighborhood colorings. Then a breadth-first coloring of the rest of v;’s tree
gives k — 1 options for each of those vertices, locking the cycle vertex present in that tree. With one cycle
vertex color fixed, the rest of the cycle has m¢, (k)/k colorings, and then breadth-first coloring from the cycle
vertices gives k — 1 choices for each of the remaining vertices.

FIGURE 5. Counting the (12“) ﬂc‘;c(k) (k — 2)2(k — 1)3 occurrences of P, due to non-cycle vertex vg
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Counting each type of edge, we have the following chromatic pairs polynomial for pseudotree G:

(P2) V4 n
(47) ﬂ_ng)(k) _ Tc, (k) Z(k . 2)di72(k _ 1)nféf(di72) + (k> ﬂcz(k) Z (k - Q)dl(k} - l)nflfdi.

12 ‘ 2 _
i=1 1=0+1

4.2. Counting Cliques in Coloring Graphs. The chromatic pairs polynomial counts occurrences of P
in coloring graphs, which is the same as counting cliques of size 2. We can reason about any minimal Kj3-
generator (U, C) in the same way that we reasoned that any minimal P,-generator must be of a particular
form. The coloring set C for a K3-generator must consist of three partial colorings. Furthermore, because
K3 has edges between each pair of its vertices, these colorings each must differ on a single vertex, so there can
only be one color-changing vertex in U. Extending this argument, for any ¢ > 2, any minimal K;-generator
must be of the form ({v}, {c1,...,¢c:}), with ¢;(v) =i for i € [t]. Then let (v} (cy,....ci}) = P denote the
restraint on G — v that forbids neighbors of v from taking colors 1 through ¢, and we have the following
generalization of Eq. (4.1) for counting chromatic ¢-tuples:

(4.8) me (k) = (’,f) > po (k).
veV(G)

This formula is easily specialized for several classes of graphs we’ve just studied with ¢ = 2. Specifically, for
null graphs, complete graphs, and trees we have

(4.9) ,/Tgvfit)(k) _ n<lz> R ’
(4.10) ﬂ&(it)(k) = n(i) (k—t)(k—t—1)---(k—t—(n—2)),
(4.11) F;Kt)(k) _ (i) Z(k. _ t)deg(w)(k _ 1)n—deg(v)—1 -

veV

In Eq. (4.11), we note that counting chromatic ¢-tuples for a tree has a similar dependence on degree sequence
independent of t. We return to the implication of this in the following section. For now, rather than extending
this analysis to counting cliques in coloring graphs for pseudotrees, we remark that counting larger cliques
may not provide much structural insight beyond counting P». Instead, we turn to exploring formulas for
counting induced cycles in coloring graphs.

4.3. Counting Cycles in Coloring Graphs. In this subsection we provide several additional examples of
how to enumerate generators for different H by focusing on small cycles. We will see that the structure of
the restraints vary substantially depending on the length of the cycles we are searching for in the coloring
graph.

4.3.1. Counting triangles. Because a 3-cycle (triangle) is the same as a 3-clique, Egs. (4.8)-(4.11) with ¢t = 3
show how to count triangles general graphs, null graphs, complete graphs, and trees, respectively.

4.3.2. Counting squares. A more complex general expression can be used to calculate the number of induced
4-cycles (or squares) in a coloring graph. Any Cy-generator must involve two distinct vertices in G' changing
color. This is because each vertex involved in a cycle in a coloring graph must be associated with at least
two edges (so it can return to its original color), and if the same vertex were associated with all the cycle
edges, then every pair of cycle vertices should be adjacent, creating a clique rather than an induced cycle.

If the two color-changing vertices in a Cy-generator are adjacent in GG, they must take on two disjoint pairs
of colors in H; if they are independent, their colors in the C' that induces H may be disjoint or overlapping.
For any u,v € V(G), we define the following restraints on G — {u, v}.

o (%) restrains neighbors of u with {1,2} and neighbors of v with {3,4};

o 73 restrains neighbors of v with {1,2} and neighbors of v with {1,3}; and
o () restrains neighbors of u or v with {1, 2}.
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For uwv € E(G), there are no minimal generators that use fewer than four colors. For uv ¢ E(G), there is
exactly one minimal generator that uses two colors. For uv ¢ E(G), there are six minimal generators in Gs
that use three colors. That is because any of the colors 1, 2, or 3 may be the one that colors both u and v
in one of the vertices of the induced H, and either of the other two can be the other color assigned to u in
two other vertices of H. Similarly, for any u,v € V(G) there are six minimal generators in G, that use four
colors, because there are (4) = 6 choices of two colors from {1,2, 3,4} that u may take on in H. Hence, we

2
can write the number of induced squares in a coloring graph as follows:

k k k
412) 75V = > 6(4>pr§43(k)+ > 6<3)P,»;3U>(k)+ > (2>Pr,&%}(k)'
{uore(VE) {uwye(VED), {uore(V5),
wéE(G) uwwg E(G)

Note that this formula yields wgg?)(?,) = 3, corresponding to the three squares that can be observed in

Figure 1. That is because the (i) term goes to 0 with k& = 3 and because p&i),u(S) = 0 for outer (non-

adjacent) vertices u, v, because the collective restraints on the center vertex would leave no remaining color
for it. Finally we note that p ) (3) = 1 for outer vertices u,v because their overlapping colors leave exactly
one remaining color for the center vertex. That is why each of the squares in the figure have a fixed color

for the center vertex. The (2) = 3 choices of pairs of outer vertex colors yield the three squares.

4.3.3. Counting five-cycles. Coloring graphs never contain induced 5-cycles, and so ﬂ'éCS)(k) =0 [BFHT16,
Corollary 12]. Subsection 4.3.5 summarizes this argument and explains why Cj is the only cycle that cannot
appear in coloring graphs.

Before continuing to the task of counting 6-cycles, we briefly note that 5-cycles are not the only H for
which the H-polynomial of any graph is identically zero. For example, it has been shown that any occurrence
of K4 — e, the graph on four vertices with five edges, cannot be induced in a coloring graph. This is because
any triangle in a coloring graph corresponds to a single vertex taking on three colors. Thus, any two
triangles sharing an edge (see Figure 6) must correspond to a single vertex taking on four colors without any
other color changes, forcing the missing edge to appear in the coloring graph. In fact, there are infinitely
many minimal forbidden subgraphs and therefore infinitely many H such that wéH)(k) vanishes on all G
[BFHT 16, Theorem 17] [ABFR18, Theorem 13].

N
N

FIGURE 6. K4 — e in a coloring graph must include the dotted line, so W(GKFE)(I{:) =0 for any G

4.3.4. Counting siz-cycles. Generators for 6-cycles in coloring graphs fall into two categories. Cg can appear
as an induced subgraph of a coloring graph by two vertices alternately swapping between three colors each
or by three vertices independently swapping between two colors each, the former of which may or may not
occur as part of K3[K3, and the latter of which always occurs as part of a 3-cube. For example, the thick
edges in the graphs of Figure 7 depict an induced 6-cycle in the 3-coloring graph of Ny, which is K3[K3,
the 3-coloring graph of P, which itself is a 6-cycle, and an induced 6-cycle in the 2-coloring graph of N3,
which is a 3-cube.

The two-vertex Cg-generators use at least three and at most six colors. The three-vertex Cg-generators
use at least two colors (which is only possible if the three-vertices are pairwise non-adjacent) and up to
six. Moreover, there are multiple three-vertex Cg-generators that use three or four colors. Writing down a
closed-form formula for ﬂéCB) is substantially more complicated than our formula for 7T(GC4) albeit mechanically
similar. We do this for completeness in Appendix A, with an expression given in Eq. A.1.
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FIGURE 7. Induced 6-cycles in C5(Na), C5(P2), and Co(N3)

4.3.5. General approach for counting cycles. We conclude this section by describing the framework used for
counting cycles in the previous examples (cf. [ABFR18]). Each induced ¢-cycle on colorings has an associated
partition A = (A1, ..., Ap) £ with Ay > --- X\, > 0 where m is the number of distinct vertices of the base
graph that change color as the cycle is traversed, and J\; is the number of times the i** vertex changes color.
A partition describing an induced ¢-cycle in this way must satisfy certain conditions. First, the partition
must have \; > 1 for all ¢ since a cycle starts and ends with the same coloring. For ¢ > 3, the same vertex
cannot change color twice consecutively since this would imply existence of a chord in the cycle. Hence a
partition coming from an induced ¢-cycle with ¢ > 3 must have A, < ng for all . Any partition of ¢ not
meeting these criteria can be disregarded when counting induced ¢-cycles on the colorings of a chosen base
graph. Because no partition of £ = 5 satisfies these conditions, we can conclude WéCS)(k) =0 for all G.

N—"

FIGURE 8. An induced 7-cycle in K3 O Q2

For all other ¢ > 2, induced f-cycles in coloring graphs exist [BFHT16, Corollary 12]. For example,
Figure 8 depicts an induced 7-cycle that arises in K5 O Q2, an induced subgraph of C3(N3). Of course,
establishing the existence of a cycle in a coloring graph does not count the number of cycles. As illustrated
in the above examples, enumerating the types of minimal Cjp-generators in a graph becomes increasingly
unwieldy as ¢ gets large.

5. INVARIANTS

One of our main motivations in defining and studying the polynomial WéH) is its use as a refined graph

invariant. We have already observed that the choice of H = N recovers the chromatic polynomial, so the
H-polynomial generalizes the chromatic polynomial. While the chromatic polynomial is a known invariant
for many graphs, there are many (common) graphs that share a chromatic polynomial. This is the case
for all trees on n vertices. Even the well-known Tutte polynomial, which also generalizes the chromatic
polynomial, does not distinguish any trees with the same number of vertices.

We begin this section with a proof that the chromatic pairs polynomial 71'832) can indeed distinguish
certain trees on n vertices. However, this refined invariant is not a complete invariant for trees as it cannot
distinguish non-isomorphic trees with the same degree sequence. The remainder of the section explores
structural properties of the chromatic pairs polynomial that can be used to distinguish other graphs, as well
as a brief exploration of other choices of H for which WéH) that can be used as additional invariants.
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5.1. Chromatic Pairs Polynomials as Refined Invariants for Trees. The chromatic polynomial for
any tree T on n vertices is mr (k) = W(TNl) (k) = k(k—1)"™, which is only determined by the number of vertices
in the tree. In contrast, our closed-form expression for the chromatic pairs polynomial for a tree can be used
as a refined but not complete invariant for trees. Figure 9 gives three 6-vertex trees, which have matching
chromatic polynomials; the first has a distinct degree sequence and a distinct chromatic pairs polynomial and
the second two have matching degree sequences and matching chromatic pairs polynomials. Theorem 5.1
establishes that the chromatic pairs polynomial for trees precisely distinguish trees with different degree
sequences.

T = w2 (k) = 3kT — 23kS + T2k° — 118k* + 107k — 51k> + 10k

oo o000
.=  o.a : o o m?) (k) = 3k7 — 23k6 4 155 _ 2lpd | 228p3  109p2 4 g
= o o6 I o w2 (k) = 3kT — 23k6 + LBk5 — 2 gt 4 23 1092 4

FIGURE 9. Trees distinguished and not distinguished by their chromatic pairs polynomials

Theorem 5.1. For trees Ty and T, ﬂ(TTZ) = W(sz) if and only if Ty and Ty have the same degree sequence.

Proof. The reverse implication is an immediate consequence of the closed form expression for the chromatic
pairs polynomial for trees in Eq. (4.4) which depends entirely on the degree sequence of the tree. To see
why the other direction holds, fix tree T' on n vertices with max degree A, and suppose n1,na,...,naA with
Zde[A] ng = n are the number of vertices in T with degrees 1,2,..., A, respectively. Note that we can
rewrite the chromatic pairs polynomial as follows:

WgFPQ)(k) = (;) Z na(k —2)%(k — 1)n4!

de[A]
Then we can exactly recover the degree sequence ng for each d = 1,..., A in turn as follows:
(P2)
mp 2 (k) i n—i—
4 ~m ~ Zica-ynilk =2k =1) !
"=k (k —2)d-t hea

Therefore, if there is another tree that has this same chromatic pairs polynomial, it must have the same
degree sequence. O

Although a tree’s degree sequence uniquely determines its chromatic pairs polynomial and vice versa,
this is not the case for graphs in general. Indeed, degree sequence does not even determine chromatic pairs
polynomials for pseudotrees, trees with just one additional edge. Figure 10 depicts two pseudotrees with
the same degree sequence but different chromatic pairs polynomials. Additionally, a graph’s chromatic pairs
polynomial does not in general determine its degree sequence. Figure 11 provides two graphs with matching
chromatic pairs polynomials but different degree sequences.

Ry = w22 (k) = 3kT — 27kS + 190k5 — 187k + 39Lk3 — 107k2 + 24k

Ry = 0A44 m ) (k) = 3k7 — 27kS 4 1975 BT3pa | 38Tps  209p2 4 o3y

FIGURE 10. Graphs with the same degree sequence and different chromatic pairs polynomials
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Gy = 72 (k) = ThS — USRT 4 8076 _ 312315 4 350914 4843k3 4 3547k — 1074k

Go

702 (k) = Tk — 10RT 4 8UTE6 312345 4 358984 — 4843k 4 35472 — 1074k

FIGURE 11. Graphs with different degree sequences and matching chromatic pairs polynomials

We observe that the chromatic polynomial distinguishes fewer of our examples than the chromatic pairs
polynomial does. The chromatic polynomial for a pseudotree G on n vertices with a unique cycle of length
¢ < nis determined by n and £ as 7¢ (k) = 7¢, (k)-(k—1)"*, so the Figure 10 graphs with different chromatic
pairs polynomials share a chromatic polynomial 7g, (k) = 7g, (k) = k® — 6k® + 14k* — 16> + 9k% — 2k. The
graphs in Figure 11 that are not distinguished by their chromatic pairs polynomial also share a chromatic
polynomial, 7¢, (k) = 7g,(k) = k7 — 12k + 60k> — 159k* + 234k3 — 180k% + 56k. We conjecture that
the chromatic pairs polynomials may be a more refined invariant than the chromatic polynomial. See
Conjectures 6.1 and 6.2 in Section 6.

5.2. Coefficients of Chromatic Pairs Polynomials. Motivated by the observations in Section 5.1, we
seek to establish basic structural properties of the chromatic pairs polynomial. These properties can be used
to rule out the possibility of two graphs having the same chromatic pairs polynomial.

Before stating and proving these properties, we note that deletion-contraction is useful for inductive proofs
of structural properties of the chromatic polynomial and restrained chromatic polynomials (including proof
of polynomiality). We have previously remarked that deletion-contraction does not hold in general for 7T(GH)
even though it does for H = N;. For example, deletion-contraction for G = P, H = P, fails because

the edge in P is not present in either of the graphs for which p, ) is defined, and we observe that

P P P
m, ) (k) = 2(5) (k = 2) £ 75 (k) = w5 (k) = 2(5)k = (5).-
However, we can still use deletion-contraction and other analysis of the individual p @ to infer structural

properties of the overall chromatic pairs polynomial, which we do in Theorems 5.2 and 5.4. Both results
consider coefficients of a chromatic pairs polynomial in the following standard form:

(5.1) ﬂéPZ)(k;) =ap 1 K" —a k" 4 (1) gk

We start with two easy observations. First, observe that the chromatic pairs polynomial for any graph
G is indeed a multiple of k because of the (g) term multiplied by restrained chromatic polynomials. Note
that although any graph’s chromatic polynomial is a multiple of k& [Rea68, Theorem 9], this is not true for
restrained chromatic polynomials in general. For example, N; with vertex constraint {1} has chromatic
polynomial k£ — 1.

Second, applying deletion-contraction to the individual PG @ shows that, like chromatic polynomials,
each p, (@ is a polynomial of degree |[V(G —v)| =n — 1 with coefficients with alternating signs [Erel5,

Theorem 4.1.2]. Because these are summed together and multiplied by (g) in the chromatic pairs polynomial,
the signs in the overall polynomial also alternate, and we have a; >0 fori=1,...,n+1in Eq. (5.1).

Next we show that these polynomials are higher degree multiples of k if their underlying graphs are
disconnected. Theorem 5.2 asserts that the lowest power of k that appears with a nonzero coefficient is the
number of connected components.

Theorem 5.2. Let G be a graph witht > 1 connected components. Then the coefficients for 778%)

form (Eq. 5.1) are such that a; >0 fori >t and a; =0 fori < t.
14
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The proof of Theorem 5.2 is given in Appendix B. It first reasons that a constant term must be present
in at least one restrained chromatic polynomial that appears in the definition of the chromatic pairs poly-
nomial. Subsequently by induction on the number of connected components, the proof uses the following
lemma to show how the order of the lowest order nonzero coefficient increases with the number of connected
components. We present the lemma and its simple proof below:

Lemma 5.3. Let Gy and G2 be two graphs, and let G1 + G2 denote their disjoint union. Then,
P P P,
7)o (k) = 72 (k) - ma, (k) + 752 (k) - 7, (K) -
Proof. Every edge in a coloring graph for G; + G2 must correspond to either a vertex of G; or a vertex of
G2 changing color. Each of the ng)(k) edges in Cx(G1) appears g, (k) times in Cx(G1 + G2), once per

(independent) coloring of the vertices of G, and each of the 7rg:2)(k:) edges in C,(G3) appears 7g, (k) times

in C,(G1 + Ga). O

Having established how the number of connected components of a graph determines its chromatic pairs
polynomial’s low-degree coefficients, we now derive explicit expressions for the coefficients of the first few
high-degree terms. It is well-known that for a graph G with |V(G)| = n and |E(G)| = m, the chromatic
polynomial of G is monic of degree n with —m as the coefficient of £”~! [Rea68, Theorems 7,8,11]. Whitney
[Whi32] showed that the remaining coefficients have a combinatorial interpretation in terms of broken circuits.
The modern proof of Whitney’s Theorem is in Sagan’s textbook [Sag20, Theorem 3.8.5].

Analogously, by [Erel9, Theorems 4.2.1 and 4.2.2], every restrained chromatic polynomial is a monic
polynomial of degree n, whose coefficients alternate in sign. Moreover, the magnitude of the second coefficient
of a restrained chromatic polynomial is the number of edges in the underlying graph plus the total number

of restraints. For each restrained polynomial p,(JQ) in Eq. (4.1), the underlying graph G —v has n — 1 vertices,

m — deg(v) edges, and 2 deg(v) restraints. Hence each ,05,2) can be written in the form

(5.2) PP (k) = k"1 — (m — deg(v) + 2deg(v) k"2 + b1 k"3 — o (1)1
with coefficients b;v) >0for j =0,...,n—3. Substituting this general form of p$,2) into Eq. (4.1), we obtain
k , .
72 (k) = <2> 3 (k”*l — (m + deg(v)) k"2 + b k"3 g (—1)”+1bg“))
veV(G)
_ﬁkn+1_n+nm+2m 1

n - (v) n—1
5 5 45 | (et 2)m+ Sy |k
veV(G)

1 v v n— -1 v
5| X (el |k 2 2) S oo | k.
veV(G) veV(G)

This general formula for our chromatic pairs polynomial immediately gives expressions for the coefficients
an+1 and a, in the chromatic pairs polynomial, which proves the first two results in the following theorem.
Additional results from [Erel9] about restrained chromatic polynomials allow us to derive the next coefficient
in the chromatic pairs polynomial as well. The proof of the a,_; coefficient in Theorem 5.4 below can be
found in Appendix C.

Theorem 5.4. Let G be a graph with |V(G)| = n, |E(G)| = m, degree sequence {d;}ic[n), and £ triangles.
Then the coefficients for 77892) in standard form (Eq. 5.1) are such that

n+nm + 2m 1 [ nm(m+1)
———— and ap1=-|—7—7

n
An+1 = 7, an = 2 5 9 9

1
2 2
5 +2m —m—(n+3)€+2 E d;

i€[n]

This theorem shows us that the number of vertices and edges in a graph determine the first two coefficients
of the chromatic pairs polynomial, and these quantities along with the number of triangles and the sum of
the squares of the vertex degrees determine the third coefficient of the chromatic pairs polynomial. We can
compare these results to the first three coefficients in the chromatic polynomial, which are 1, —m, and (Tg) -4,
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respectively [Whi32]. This implies that graphs that share a chromatic polynomial must share the first two
coeflicients of the chromatic pairs polynomial. Additionally, graphs that share a chromatic pairs polynomial
must agree on at least the first three coefficients of their chromatic polynomial. This reinforces the idea
that the chromatic pairs polynomial contains at least as much information as the chromatic polynomial,
motivating Conjecture 6.1, as a,_1 includes extra information involving the degree sequence.

Theorem 5.4 connects to the graphs presented in the previous subsection as follows. Trees are triangle-
free, and so the dependence of the first three coefficients on n, m, and degree sequence is consistent with
Theorem 5.1. Moreover, one can readily check that these graph properties are the same for the two pseu-
dotrees in Figure 10, which explains why the two chromatic pairs polynomials have the same k° coefficient
even though subsequent coefficients diverge. Interestingly, this also explains why the k% coefficients agree for
the graphs in Figure 11. Although these graphs’ degree sequences {d;};c[,) are different, the sum of degrees
squared > d? are the same, as well as number of vertices, edges, and triangles.

Finally, we note that knowledge only of the leading coeflicients of chromatic pairs polynomials and chro-
matic polynomials (n/2 and 1, respectively) implies that chromatic pairs polynomials in general cannot be
chromatic polynomials of different graphs. The only exceptions to this are graphs on two vertices, which
have monic chromatic pairs polynomials that happen to coincide with chromatic polynomials of different
graphs as follows:

7o (k) = i, (k) = & — 3k2 + 2k
Py
T\ (k) = T tpy (k) = K — K2,

The fact that leading coefficients of chromatic pairs polynomials differ in general from those of chromatic
polynomials implies that the chromatic pairs polynomial is a new polynomial in the sense that there is
no general mapping from graph G to G’ such that the chromatic pairs polynomial for G is the chromatic
polynomial for G’.

5.3. Graphs with Unique Chromatic Pairs Polynomials. The observation that the chromatic pairs
polynomial for graph G recovers the number of vertices and edges immediately (from the first two coefficients)
shows that chromatic pairs polynomials are unique for null and complete graphs.

Next, we discuss how chromatic pairs polynomial can help us detect whether a given graph is a tree. It
is well-known that a graph G is a tree on n vertices if and only if the chromatic polynomial m¢(k) is equal
to k(k — 1)"~! [Rea68, Theorem 13]. The next result is an analogue for the chromatic pairs polynomial.

Theorem 5.5. A graph G on n vertices with degree sequence dy,ds, ..., d, is a tree if and only if

(5.4) 7T(GP2)(I€) _ (I;) Z(k _ 2)(1"’(]? . 1)"—di—1 .

veG

Proof. If G is a tree, then the chromatic pairs polynomial takes the desired form by Theorem 5.1. Conversely,
suppose graph G satisfies Eq. 5.4. Then its second coefficient reveals |V(G)| — 1 edges, and it has a nonzero
linear term, implying G is connected by Theorem 5.2. Such a graph must be a tree. ]

Theorem 5.1 also shows that chromatic pairs polynomials for paths and stars are unique, because they
are the only trees with 2 and n — 1 leaves, respectively. This is despite paths and stars on n vertices sharing
a chromatic polynomial (with all other trees on n vertices).

Like null and complete graphs, cycles are known to be chromatically unique, meaning that for n > 3,
C,, is the only graph with its chromatic polynomial [CW78]. Note that the uniqueness of the chromatic
pairs polynomial for cycle graphs would follow immediately from Conjecture 6.1. However, we will give an
unconditional proof of this result.

Theorem 5.6. A graph G is an n-cycle if and only if ﬂgpg)(k:) = W(C,IZQ)(]C).

Proof summary. Observe that any candidate graph with a matching chromatic pairs polynomial must be

connected by Theorem 5.2, and because its chromatic pairs polynomial must match on the first two coeffi-

cients, it must have n vertices and n edges. In other words, it suffices to show that C,, is the only pseudotree

on n vertices with its chromatic pairs polynomial. As an aside, this reasoning also allows us to quickly con-

firm chromatic uniqueness of cycle graphs, because any pseudotree on n vertices with a cycle of length ¢ has
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chromatic polynomial 7 (k) = 7¢, (k) (k — 1)"~*, which only equals 7¢, (k) when £ = n. In fact, a graph G
on n > 3 vertices is a pseudotree with a cycle length £ with 3 < ¢ < n if and only if 7g(k) = 7¢, (k)(k—1)"*
[Laz95, Theorem 2].

We consider the formula for ngz)(k) for pseudotrees in Eq. (4.7) and evaluate its derivative at k = 2.
Appendix D expands on this calculation, which results in:

d (py) oy +n1 { even
—_— k ‘ = 9
e W7V rodd

where ¢; is the number of cycle vertices of degree 2 and n; is the number of degree one vertices. Note that
this formula distinguishes the pseudotrees in Figure 10, the first of which has two degree-2 cycle vertices and
the latter of which has only one. By contrast, a simple cycle has

d (p) n  neven
— k) |k=2= .
o B l=2=0 "

If a pseudotree is not a cycle graph, then /5 < f5 + n; < n, establishing uniqueness of 77(0?)- O

5.4. Hypercube Polynomials as Invariants. Despite the uniqueness of certain chromatic pairs polyno-
mials, other chromatic pairs polynomials are not able to distinguish non-isomorphic graphs, such as T and
T5 in Figure 9 and G; and G2 in Figure 11. We next investigate whether a different choice of H could
distinguish more pairs of non-isomorphic graphs. Like other reconfiguration systems, a graph recoloring
problem can be described by a cube complex [GP07], the 1-skeleton of which is the coloring graph C(G).
A cube complex is a (non-disjoint) union of hypercubes, so generalizing the chromatic pairs polynomial to
count higher-dimensional hypercubes may provide additional information about the coloring graph.

o %9-?%-@(— V1
o1 ’@—Q—@‘ ’@—Q—@‘ €10
AN

Ba0a®)

C11

FIGURE 12. A 2-cube induced in C3(Ps) by generator ({vg, v1}, {coo, co1, €10, c11}) With col-
ors koo =1,ko1 =2,k10=1,k1,1 =2, using the notation of Lemma 5.7

We have already described how to count occurrences of Cy = Q2 in our section on counting small cycles.
Now we focus more narrowly on the presence or absence of higher-dimensional hypercubes in coloring graphs.
Lemma 5.7 establishes necessary conditions for minimal Qs-generators for any s > 0. At a high level, the
lemma states that an induced s-cube in a coloring graph can only arise from exactly s vertices independently
swapping between two colors each. Figure 12 illustrates this phenomenon by annotating an induced 2-cube
in C5(Ps) that arises from the choice of the left and right vertices of the base graph for U = {vg,v1},
respectively. The four partial colorings in C' = {cgo, ¢o1, €10, €11} are enumerated in binary to make it easier
to read off the relevant bits |i/27] (mod 2) determining the color of vertex j. For example, co; assigns color
ko1 = 2 to vertex vy because |(01)2/2°] (mod 2) = 1, and it assigns color k1o = 1 to vertex v; because
|(01)5/2] (mod 2) = 0.

Lemma 5.7. For graph G and s > 0, every minimal Qs-generator (U, C) is of the form U = {vo,...,vs_1}

and C = {co,...,ca:_1} for some positive integers koo < ko1,...,ks—10 < ks—11 such that c;(vj) =

kl]al.jj (m0d2) fOT alli:(),...,2s71,].:0,...7571.

Proof. This is trivially true for H = Ny = Qo, where the chromatic H-polynomial is the chromatic poly-

nomial, generated by (0, cy), where ¢y is the unique coloring with empty domain. For any s > 0, suppose

the theorem is true for induced H = @Q,_1. Consider H = Q5 and note that H can be partitioned into two
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disjoint induced copies of @s_1. By induction and our observation about monotonicity in H, any minimal
Qs-generator contains a minimal Q4_1-generator ({vg,...,vs—2}, {céo), cee cég),l_l ). Fix a partition of the
vertices of Qs such that each part induces Q;_1. By the structure of Q,, each vertex in the first part is

associated with some cgo) that has an edge to a vertex in the other part that we will call cgl). This edge
cannot be due to any vertex in {vg,...,vs_2} taking on a third color, because that would create a triangle
that is not present in @, so let vs_; be the new color-changing vertex. For any i’ = 0,...,2°7! — 1 that

(0 (1)

differs from ¢ by a power of 2 (so it is neighboring in its QQs—; subgraph) the edge from ¢ ) to ¢!V must

correspond to the same vs_; changing color so that cz(-l) and cg,l ) can be neighbors. The order of the two
colors for vs_; is irrelevant, so label them ks_10 < ks—1,1. This forces the Q)s-generator to be of the desired

form, completing our proof. O

i/ 4

This lemma allows us to establish necessary and sufficient conditions for presence of hypercubes in a
coloring graph in Theorem 5.8. Figure 13 illustrates conditions that establish presence of an induced 5-cube
in the 5-coloring graph of one of the graphs from Figure 11. In particular, the left annotation indicates the
s = b non-gray vertices that constitute U, and their labeling indicates a 2-coloring ¢. Given U and ¢, define
the following restraint on G — U:

(5.5) Tw,e)(v) = {j : 2¢(u) =1 = j or 2¢(u) = j for some u € N(v) N U} for any v € V(G) - U .

Then the labels on the right confirm that pc—v,r, ., (k) > 0 for k =5, so indeed WéQS)(5) > 0.

FI1GURE 13. A 2-coloring of a 5-vertex induced subgraph of graph G and the corresponding
25 colorings of G that induce a copy of Q5 in C5(G)

Theorem 5.8. For graph G, wéQs)(k) > 0 if and only if there exists some U and ¢ such that U C 'V with
\Ul = s, c: U — [|k/2]] is a proper coloring of G[U], and pG—v,r,., (k) > 0 for rw. as in Eq. (5.5).

Proof. For the reverse direction, consider a budget of k colors, and suppose ¢ uses at most half of them to
color U C G(V). Then the two colorings 2¢ — 1 and 2¢ each properly color U, and so does any ¢ with
d(v) = 2¢(v) — 1 or /(v) = 2¢(v) for each v. If k colors suffice to color the rest of the graph respecting
the restraint 7(y,.), then we can fix any one such coloring of the rest of the graph and induce Q| by
independently coloring the vertices of U with any combination of the colors allowed by 2¢ — 1 and 2c.
Conversely, a positive count for s-cubes in a k-coloring graph implies some minimal Qs-generator (U, C)
such that pg—vr o (k) > 0. By Lemma 5.7, U = {vo,...,vs—1} and C consists of every coloring that
assigns each v; € U to one of two colors k; o or k; 1. Among all such colorings, choose the c¢* € C that
uses the smallest color palette P = {j1,...,J,} with j1 < .-+ < j,. Note that k < |k/2] because C uses
at least 2k colors and pG-v,r . o, (k) > 0. Then for op as in Eq. (3.3), let ¢ be the coloring on U defined
by ¢(v;) = op(c*(v;)) for all v; € U. Then for C’ the set of all colorings ¢ that assign each v € U either
2¢(v) — 1 or 2¢(v), (U,C”) must also be a Qs-generator with pe—uv.r, o, (k) = pe-vsr ., (k) > 0 because
the colors for the hypercube respect the adjacency within U and the hypercube uses no more colorings than
that induced by our original (U, C). O

If instead we are satisfied with a simple sufficient condition for presence of a particular type of hypercube,
we can restrict our focus to independent sets in a base graph, which we do in the following corollary. In
particular, if the set U being recolored in Qs is independent, then it is properly colored by the constant
coloring ¢(v) = 1, so if the rest of the graph is ¢-colorable, then ¢ 4+ 2 colors guarantee a coloring for the
whole graph with color swaps for U yielding Q.
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Corollary 5.9. If graph G has an independent set U with |U| = s and x(G — S) = £, then ﬂ'éQs)(k:) >0 for
all k> 0+ 2.

We now consider how this theorem and corollary do and do not serve as invariants for pairs of graphs
studied previously. Our corollary shows that although chromatic pairs polynomials (counting Q1 = P)
cannot distinguish the trees 75 and T35 in Figure 9, higher-dimensional hypercube polynomials can. To see
why, note that T5 contains an independent set of size four, so C5(73) contains 4-dimensional hypercubes
corresponding to this independent set swapping between two colors with the rest of the graph fixed as the
third color. For any four vertices of Th to participate in a 4-dimensional hypercube in C5(7%), they would
have to be independent (not possible in T%), or neighboring vertices would have to have disjoint pairs of
colors (not possible with only & = 3 colors).

However, even the more general Theorem 5.8 cannot help distinguish our examples on seven vertices,
because cubes of each dimension first appear at the same k for each graph. Both this theorem and its
corollary are rather coarse invariants in that they establish presence or absence of certain features in the
coloring graph, not the counts that we have focused on up until this point. We can verify computationally
that although squares appear at £k = 4 in the coloring graphs for each of those graphs, the actual square
count as determined by Eq. (4.12) differs. Appendix E fully justifies these claims.

In our final section below, we conjecture more broadly that any pair of non-isomorphic graphs admit some
H for which the corresponding H-polynomials are different. Although hypercubes are natural candidates to
study, our conjecture does not require H to be a hypercube.

6. CLOSING CONJECTURES

We have shown that particular instantiations of our (chromatic) H-polynomial serve as refinements of
the chromatic polynomial as a graph invariant, at least for particular classes of graphs. In particular, the
chromatic pairs polynomial refines the chromatic polynomial for trees. We conjecture that the same holds
for all graphs.

Conjecture 6.1. If two graphs G; and G5 satisfy 7rgj2)(k;) = 7rg:2)(k), then 7q, (k) = 7, (k).

Since ), cq P, (k) determines Wépz) (Equation (4.1)), we also pose the following weaker conjecture.
Conjecture 6.2. If two graphs G and Gz share the same multiset {p, ) (k) }vev(a,) = {p, (k) tvev(c,)
then 7g, (k) = 7, (k).

Conjecture 6.2 is similar to the Polynomial Reconstruction Problem (PRP) [Sch79] which states that mg (k)
can be recovered from the multiset {7g_,(k)},cv(g). Conjectures 6.2 and PRP differ in the information
contained in each of the decks, and it is unclear which conjecture is more tractable. Our restrained chromatic
polynomials may contain additional information compared to the (unrestrained) chromatic polynomials on
the same subgraphs because the restraints give some indication about how the corresponding v are connected
to the rest of the graph; it is unclear whether this information is useful for the problem of reconstructing
the chromatic polynomial of the overall graph.

We may further generalize Conjecture 6.1 to ask whether there may be a partial ordering on subgraphs
H defined by Hy < Hs for any Hq, Hs such that every pair of graphs distinguished by their Hi-polynomials
is also distinguished by their Hs-polynomials. Even if there is no universal H that is a complete invariant
for all graphs, it is conceivable that for any given graph G, there may be specific choices of H for which the
polynomials W(C,H)(k) determine G. In all our examples of non-isomorphic graphs, we observed that every
pair differed on some H-polynomial, which implies that they differed on the family of coloring graphs. We
propose that the family of coloring graphs can function as a complete graph invariant. This prediction is
equivalent to a conjecture stated fully in terms of H-polynomials. If two coloring graphs are isomorphic,
then they will have the same counts for all H. Conversely, if Cx(G1) and Cr(G2) have the same number
of induced copies of H for all H, we first take H = Nj to see that Cx(G1) and Cx(G3) share the same
number of vertices. Then for each k, taking H = C,(G1), we see that W(Cflk(Gl))(k) = WE;C;(Gl))(k) =1, which
implies that Ci(G1) = Cr(G2). We conjecture that either of these equivalent conditions is a complete graph
invariant.
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Conjecture 6.3. For any graph G, the collection {Cr(G)}r>1 uniquely determines G. Equivalently stated,

graphs G1 and G4 are isomorphic if and only if W(GI;I) = W(GIZ) for every H.

We also state a stronger conjecture where only finitely many coloring graphs are needed. We suspect that
Conjecture 6.3 may be equivalent to the seemingly stronger Conjecture 6.4. Given that the graph G is finite,
we expect that finitely many colors suffice to accurately capture the structure of G.

Conjecture 6.4. There exists some function f: Graphs — N that maps finite graphs to natural numbers
such that for any graph G, the collection {Cj (G)}i(ﬁ) uniquely determines G.

Subsequent to a posted preprint of this work, [HSTT24] proved Conjecture 6.4 for f(G) = 5|V (G)|* + 1.
Therefore, both Conjectures 6.4 and 6.3 have now been proven. Although coloring graphs with sufficiently
large k relative to G can be used to recover G, the more general framing of partial orderings on H-polynomials
still leaves much to be explored.
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APPENDIX A. 6-CYCLE POLYNOMIAL

Subsection 4.3.4 describes the 2- and 3-vertex generators needed to instantiate Theorem 3.1 for WéCG). We
enumerate the associated restraints below in order to provide a closed-form expression in Eq. (A.1).

sq(w) restrains u’s neighbors with {1, 2,3} and v’s neighbors with {4, 5,6};

sq(w) restrains u’s neighbors with {1,2,3} and v’s neighbors with {1,4,5};

35“3 restrains u’s neighbors with {1, 2,3} and v’s neighbors with {1,2,4};

s{3) restrains u’s and v’s neighbors with {1, 2, 3};

s, restrains u’s neighbors with {1,2}, v’s neighbors with {3,4}, and w’s neighbors with {5, 6};
s\ Testrains u’s neighbors with {1,2}, v’s neighbors with {1,3}, and w’s neighbors with {4,5};
siad) vestrains u’s and v’s neighbors with {1,2} and w’s neighbors with {3,4};

siab) restrains u’s neighbors with {1, 2}, v’s neighbors with {1, 3}, and w’s neighbors with {2,4};
) restrains u's neighbors with {1,2}, v’s neighbors with {1, 3}, and w’s neighbors with {1,4};
s39) restrains u's neighbors with {1,2}, v’s neighbors with {1, 3}, and w’s neighbors with {2, 3};
s restrains u’s and v’s neighbors with {1,2} and w’s neighbors with {1,3}; and

{2, restrains w’s, v’s, and w’s neighbors with {1, 2}.

Then by considering which colorings of u, v, w are possible depending on the edges within those vertices
and appropriately counting symmetries, we have the following closed-form expression:

(A1) 75 k)= )(];)Psg%z(’fH > 6@&93(’“)

uweE(G {u7U}E(V(2G))
wgE(GQ)
k
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wgE(G)
k
+ 0y 60() BIOEDY 180<5>p553)(k)
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wg E(G)
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APPENDIX B. PROOF OF THEOREM 5.2

Proof of Theorem 5.2. First, we show that pg, has alternating nonzero coefficients (including the constant
term) for any connected graph G and any restraint r that imposes restraint {1,2} on at least one vertex and
imposes no other restraints. We proceed by induction on the number of edges in G. If G is edgeless, then
G = N1 and pg,,(k) = k—2. If G has m > 0 edges, then pg (k) = pa—c,r(k) = pG/e,r. (k), where 7. denotes
the restraint on G/e that unions the restraints of r on the ends of e for the contracted vertex in G/e. As
G/e is connected, it has a nonzero constant term by induction. Because G — e has one more vertex than
G /e, the signs of the constant terms in the respective expressions will differ; taking the difference ensures
that the resulting polynomial still has alternating nonzero coefficients.

We now reason about the coefficient of the linear term in the chromatic pairs polynomial for a connected
graph G. Select a vertex w € V(G) that is not a cut vertex so that G — w is connected. By our earlier
observation, prw,m(f)(k) has a nonzero constant term, noting that pc:fw,nﬁ?)(k) =1if G = Ny. Then

our chromatic pairs polynomial ﬂéPz)(k) = (g) 2 0ev(G) Pa_p @ (k) has no constant term and a nonzero
coefficient for k. Moreover, each of the Py r® have the same degree with alternating nonzero coefficients

of the same sign. Since (12“

nonzero coefficients as well.

Next, suppose the result is true for all graphs with ¢ > 1 connected components, and suppose G on n
vertices has t + 1 connected components, with G = G; + G where G; has t connected components on nq
vertices and G5 is connected on ng vertices. By Lemma 5.3, we have

P. P. P.
7)o (k) = 78 () - ey (k) + 72 (k) - e (K)

and by induction, the lowest degree terms with nonzero coefficients in the four polynomials are for k¢, k, k, k¢,
respectively. Moreover, the signs of the products of each of these terms is (—1)"~%, so they cannot cancel
each other out.

Hence, the chromatic pairs polynomial of a graph with ¢ connected components has a; > 0 and ay = 0
for each t' < t. Moreover, the coefficients a; for ¢ > ¢ are nonzero and alternating in sign. Indeed, the

) = "ZT_k has alternating coeflicients, it follows that 77832)(/6) has alternating

four polynomials 7rgj2)(k), Ta, (k), 772;1:2)(/@ and 7, (k) have nonzero alternating coefficients, and so do the

products ﬁé 2)(/c) -, (k) and ﬂé 2)(k) -, (k) which have matching degrees. This shows 7ng2+)G2(k;) has
nonzero alternating coeflicients, too. |

APPENDIX C. PROOF OF THEOREM 5.4

Proof of Theorem 5.4. The proof of the first two coeflicients a1 and a, was given before the theorem
statement. In order to calculate the third highest coefficient a,_; of the chromatic pairs polynomial, we
will use [Erel9, Theorem 4.2.3], which gives an expression for the third highest coefficient for a restrained
chromatic polynomial. For a graph G with n vertices, m edges, and restraints 7, the restrained chromatic
polynomial is a polynomial of the form pg (k) = k™ — bp_1k" ™ + b, _ok™ 2 — .-+ (=1)"T1by. Then the
coefficient b,,_s can be written as

(1) bn—z<m>Tri(G)+Z|T(U¢)||T(Uj)+m S = Y ) nr)]
2 i<j veV(G) v;v; EE(G)



where Tri counts the number of triangles in G.
We now apply this formula to each instance of p () in Eq. (4.1). Instantiating (C.1) with the graph G —v

with restraints {1,2} on all neighbors of v yields

02 = (")~ 16 - o)+ 4(CE) 4 2degte)on — deno) - 2751, (©)

= <7721> + deg(v) 2m27 5 + %deg(v)2 — Tri(G — v) — 2Tri, (G)

where Triv(G) counts the number of triangles in G that include vertex v. We have also rewritten this
coefficient as b 3 as the graph G — v has n — 1 vertices. As in the chromatic pairs polynomial formula, we

now sum bgl 5 over all vertices v. To simplify the terms involving the triangle counts, we note that
Z Tri,, (G) = 3 Tri(G) ,
since each triangle gets counted 3 times onithe left hand side. Moreover,
ZTII —v;) = (n —3) Tri(G) ,

since each triangle get counted exactly n — 3 times on the left hand side (one for each vertex v not part of
the triangle). Letting d; = deg(v;), we have

an ) _Z [(7:) +di2m2_3 + %d? — Tri(G — v) — 2Triv(G)}

i=1

= — (n+3)Tri(G) + <7g>+m2m 3) Zd

where we have used the handshake lemma 2m = > ] d;. To finish our computation of the third highest

i€n
coefficient in the chromatic pairs polynomial Wépz)(k), we need to compute the coefficient of k"' in the

expansion (%) - > vev(a) Po(k). From (5.3), we need to add nm + 2m to our result and divide by 2. Thus,
the coefficient of k"~! in Wépz)(k) is

1 . nm(m — 1) 9 o=

3 (nm—i—Qm— (n+3)Tr1(G)+f+2m —3m+§;di ,
which can be simplified to

1 1
<7zm(rg+)+2m2_m (n+ 3) Tri(G Zd2> .

2

APPENDIX D. THE DERIVATIVE OF THE CHROMATIC PAIRS POLYNOMIALS FOR PSEUDOTREES

For pseudotree G, we want to calculate the derivative -2 i 7rG z)(k) evaluated at k = 2. As a preliminary, we
caleulate m¢, (k) and 7, (k) at k = 2. Since m¢, (k) = (k — 1)* 4+ (=1)*(k — 1), we get ¢, (2) = 1+ (—1)*
which reflects the fact that Cy is 2-colorable if and only if ¢ is even. Next,

d _ -1 ’ d _ 1\
e k) =Lk =1+ (=) = Zeme, (k)| =0+ (=1)
For the derivative of ﬂé’f), we have
d (p, 0 _ _
Wg; (k) = (k=17 20k = 1)(k = 2) + (0= Dk(k — 4)] + 2000 = 1)(k = 1) + (=1)"4(2k — 3)
d (P2) 1\
= dkﬂ-cl (k) k=2 - ( 1) 14
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Moreover, 7T(CI:2)(2) = 0. Next, we calculate %T(é‘%)(k’) for a pseudotree G. We have

d (P2)

pTAlE (k)=(D.1)+(D.2)+ (D.3)+ (D4) + (D.5) ,
where the individual terms are as follows:
D.1 1 d (P2) k ‘ k ) d;—2 k n—L0—(d;—2)
(D.1) Z'@ch()';(_) (k—1) )
ﬂ_(CPz)(k_) £ )
(D2) === (di = 2)(k =% (k= )" D 4 (0= 0= (d; = 2))(k - 2) 2 (k- 1)
03 (3) - fpme® X (k-1
k=(+1
(D4) @ Tel) S = 2y (1) (€ ) — 20— 1
k=0+1
(D.5) %m(/{) > (k—2) (k-1

i=0+1

Next, we evaluate %W(sz)(k) at k = 2 and analyze the effect on the terms (D.1)-(D.5). First, any term
with a positive power of k — 2 factor will vanish. Hence, (D.3) = (D.5) = 0. Moreover, (D.2) = 0 due to
7T(01:2)(2) = 0. It remains to examine (D.1) and (D.4).

Let ¢5 denote the number of cycle vertices with degree 2 (that is, cycle vertices whose only neighbors are
on the cycle) and n; denote the number of vertices of degree 1, which are necessarily non-cycle vertices.
When k& = 2, the only surviving terms in (D.1) are the ¢; summands with d; = 2. Similarly, the only
surviving terms in (D.4) are the n; summands with d; = 1. Thus,

d _(p) 1d_(p ‘ 1
il —-= . - 2) .
dkTrG (k) k—2 gdkTng (k) k=2 62 + 27TC£( ) ny
Using %77(0122)(16) i (=1)¢- ¢ and 7¢,(2) = 1 + (—1)%, we reach our desired conclusion:
d (p) ’ 1 ‘ ly +n; £ even
il 2) = (1)’ b+ ~(1+ (=1)") -ny =
e @) =D b4 oA+ (1)) m s, ¢ odd

APPENDIX E. DETERMINING HOw MANY COLORS ARE NEEDED FOR HYPERCUBES

Here we use Theorem 5.8 to show that for the two graphs in Figure 11 (reproduced here in Figure 14),
assessing the number of colors needed for hypercubes of dimension 0 through n to appear in the respective
coloring graphs cannot help distinguish the graphs.

W=®
()

" eégio o

FIGURE 14. Two 7-vertex graphs each partitioned into three independent sets

Claim E.1. Qg first appears in k-coloring graphs at k = 3 of G1 and Ga.
More precisely, wé?‘))@) = W(CgO)Q) =0, and W(C;?O)(S) >0, W(G("ZO)(S) > 0.

Each graph has a triangle, so 2-colorings do not exist, yet the independent set partitions labeled in
Figure 14 illustrate a 3-coloring of each graph, giving rise to Q¢ in the 3-coloring graphs.
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Claim E.2. Q1,Q2, Q3 first appear in k-coloring graphs of G1 and Go at k = 4.

More precisely, Wégl)(B) = 71'2%”(3) =0, and ﬂélg)(él) >0, Wé23)(4) > 0.

Next we note that the 3-coloring graphs of each graph are edgeless (i.e., they contain no copies of Q1)
because every vertex in each graph participates in a triangle, so any 3-coloring of the triangle leaves no
available second color for any vertex. However, each graph has an independent set of size 3 (the A vertices)
and the rest of the graph is 2-colorable; so @3 first appears in the 4-coloring graph for G; and G2 by
Corollary 5.9.

Claim E.3. Q4 and Qs first appear in k-coloring graphs of G1 and G2 at k = 5.
More precisely, 7rg4)(4) = WéQ;)(ZL) =0, and Wéle)(5) > O,ﬂ'éQ;’)(5) > 0.

Any Q4 that arises in the 4-coloring graphs must correspond to 4 vertices changing color in @4, and no
two of these vertices can be in the same triangle, because two vertices changing color in a triangle require 5
colors. Hence any color-changing vertex v cannot have more than 3 neighbors, because this would leave at
most 7 — 1 — 4 = 2 additional candidate vertices to change color in Q4. The subgraph of G; consisting of
the five vertices of degree < 3 contains no independent set of size 4, and G5 only has three vertices of degree
< 3, so neither 4-coloring graph contains Q4.

On the other hand, we show that both 5-coloring graphs contain @J5. Using the independent partitions of
G into A, B, C, we let the vertices in A take colors 1 and 2, vertices in B take colors 3 and 4, and vertices
in C take color 5. This shows W(G?S)(E)) > 0 and Wé?)(f)) > 0.

Claim E.4. Qg and Q7 first appear in k-coloring graphs of G1 and G2 at k = 6.
More precisely, Wéle)(f)) = WéQQG)(5) =0, and ng”(G) > O,WEQ;)(G) > 0.

In order for Qg to arise in a 5-coloring graph, all but one of the vertices in the base graph must change
color in Qg. With only five colors, no choice of six vertices can include an entire triangle. Hence, the omitted
vertex must participate in every triangle, and neither graph has such a vertex.

Both 6-coloring graphs contain ()7 by assigning colors 1 and 2 to vertices in A, colors 3 and 4 to vertices
in B, and colors 5 and 6 to vertices in C.

Claim E.5. Qg never appears in any k-coloring graph of G1 or Gy for d > 7.

Indeed, Q4 would require d color-changing vertices which is not possible in either base graph for d > 7.

As noted in Subsection 5.4, although both the chromatic pairs polynomial and this coarse invariant fail to
distinguish the graphs, the counts of their 2-cubes (4-cycles) differ. Their distinct Cy-polynomials are given
below for completeness:

Claim E.6. G; and G2 have distinct Q2-polynomials. Specifically,

21 , 225 . 2103 . 22321 . 36637 . 151647 , 192091 , 67543
o) ) = AT TR ST T T Tk TR TR o 097
21 , 225 . 2103 . 22323 . 36649 . 151757 , 192331 , 67667
ngc;4)(k)zzk9—7k8+ 5 kT = TR SR — Sk SR — Sk 10002

Noting that Q2 = C4, these polynomials were constructed by applying Eq. (4.12) to the two graphs.
Interestingly, these polynomials agree on their first nonzero value of k: C4(G;) and C4(G2) each have 288
squares. They first differ at & = 5: C5(G1) has 24540 squares and Cs(G2) has 24360.

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, SANTA CLARA UNIVERSITY, 500 EL CAMINO REAL, SANTA CLARA,
CA 95053
Email address: sasgarli@scu.edu

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, SANTA CLARA UNIVERSITY, 500 EL CAMINO REAL, SANTA CLARA,
CA 95053
Email address: skrehbiel@scu.edu

DEPARTMENT OF COMPUTER SCIENCE, OBERLIN COLLEGE, 10 N PROFESSOR ST, OBERLIN, OH 44074
Email address: hlevinso@oberlin.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF RICHMOND, 410 WESTHAMPTON WAY, RICHMOND, VA
23173
Email address: hrussell@richmond.edu
25



	1. Introduction
	1.1. Our Results
	1.2. Related works
	1.3. Structure of the paper

	2. Preliminaries
	3. Generalization of the Chromatic Polynomial
	3.1. Definitions
	3.2. Polynomiality of Induced Subgraph Counts

	4. Instantiations
	4.1. Counting Edges in Coloring Graphs
	4.2. Counting Cliques in Coloring Graphs.
	4.3. Counting Cycles in Coloring Graphs

	5. Invariants
	5.1. Chromatic Pairs Polynomials as Refined Invariants for Trees
	5.2. Coefficients of Chromatic Pairs Polynomials
	5.3. Graphs with Unique Chromatic Pairs Polynomials
	5.4. Hypercube Polynomials as Invariants

	6. Closing Conjectures
	Statements and Declarations
	References
	Appendix A. 6-Cycle Polynomial
	Appendix B. Proof of Theorem 5.2
	Appendix C. Proof of Theorem 5.4
	Appendix D. The Derivative of the Chromatic Pairs Polynomials for Pseudotrees
	Appendix E. Determining How Many Colors are Needed For Hypercubes

