BELL COLORING GRAPHS: REALIZABILITY AND
RECONSTRUCTION

SHAMIL ASGARLI, SARA KREHBIEL, AND SIMON MACLEAN

ABSTRACT. Given a graph G, the Bell k-coloring graph By (G) has vertices given by parti-
tions of V(G) into k independent sets (allowing empty parts), with two partitions adjacent
if they differ only in the placement of a single vertex. We first give a structural classification
of cliques in Bell coloring graphs. We then show that all trees and all cycles arise as Bell
coloring graphs, while K, — e is not a Bell coloring graph and, more generally, K, — e is
not an induced subgraph of any Bell coloring graph whenever n > 6. We also prove two
reconstruction results: the Bell 3-coloring graph is a complete invariant for trees, and the
Bell n-coloring multigraph determines any graph up to universal vertices.

1. INTRODUCTION

Graph coloring is a vibrant area of research that bridges theoretical questions and practi-
cal applications. Several excellent references survey both the classic landscape and modern
frontiers; see, for example, the monograph [JT95], the themed collection [BW15], and the
recent text [Cra24], which focuses on contemporary techniques. One research theme that has
gained momentum is the study of not only the colorings themselves but also the reconfigu-
ration graphs that connect them. In a standard k-coloring graph, vertices represent proper
k-colorings, and edges correspond to changing the color of a single vertex. These graphs
retain much of the structure of the underlying graph. Indeed, recent work has shown that
coloring graphs can serve as complete graph invariants [HSTT24, BBH*25, AKL25].

In this paper, we study a compressed version of a coloring graph obtained by treating
the color classes as indistinguishable. In this model, we retain the partition of vertices into
independent sets but ‘forget’ the specific color labels assigned to each set. Given a base
graph G and k € N, we define the Bell k-coloring graph Bi(G) as follows.

e The vertices of By (G) are partitions of the vertex set V(G) into k independent sets
(some possibly empty); we call such partitions stable k-partitions.

e Two distinct partitions P; and P, are adjacent if they differ only by the placement
of a single vertex v € V(G), formalized as P, —v = P, — v.

The notation P — v means the partition P with the vertex v removed from its part; that
is, P — v is the restriction of P to G — v. Figures 1 and 2 depict examples of Bell coloring
graphs with vertices labeled to indicate the corresponding partitions and edges labeled to
indicate the vertex or vertices responsible for each edge.

The name ‘Bell coloring graph’ is motivated by the Bell numbers, which count the total
number of set partitions. This object, also studied by Haas [Haal2] as the ‘isomorphic color
graph’, interpolates between enumerative invariants (graphical Bell numbers [DP09]) and
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reconfiguration structure. In contrast to standard coloring graphs, only a handful of papers
(e.g., [Haal2], [FM14]) address Bell coloring graphs.
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Ficure 1. Hlustration of B3(K;3) = K. The claw graph K3 has vertex
set {u, vy, v9,v3} and three edges uv; for ¢ = 1,2,3. Edge labels indicate the
vertices responsible for the adjacency.
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FIGURE 2. Mlustration of By(K3 U K;) = K4. The graph K3 U K; has vertex
set {v1, vg, v3, w} with edges vivq, vou3, v3v1. Edge labels indicate the vertices
responsible for the adjacency.

Our work is motivated in part by the question of which graphs can arise as Bell coloring
graphs. Every coloring graph is a Bell coloring graph because By (G U K},) = Ci(G) for any
graph G and integer k > 1 [FM14, Proposition 2.5]. However, the class of graphs realizable
as standard coloring graphs is quite limited. For example, K; and K are the only trees that
are realizable as coloring graphs, and C5, Cy, and Cy are the only cycles that are realizable

as coloring graphs [BFHT16, Theorems 7 and 23]. In contrast, we prove the following:
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Theorem A (Theorem 4.9). All trees and all cycles are realizable as Bell coloring graphs.

We prove Theorem 4.9 by showing that a more general class of graphs, namely certain
reconfiguration graphs of matchings, are Bell coloring graphs.

The papers [BFH'16, ABFR17] examine forbidden subgraphs in standard coloring graphs.
To treat the analogous question for Bell coloring graphs, we first obtain a structural descrip-
tion of their cliques (see Theorem 3.8), showing that every clique belongs to one of two
explicit families. This classification allows us to construct an infinite family of forbidden
induced subgraphs of Bell coloring graphs.

Theorem B (Theorem 3.10). The graph K¢ — e is not an induced subgraph of any Bell
coloring graph. Hence, the set of graphs K, — e for n > 6 is an infinite family of forbidden
induced subgraphs.

Another natural question is whether the structure of the reconfiguration graph uniquely
determines the base graph. This is known for standard coloring graphs; in particular, if
T is a tree, C3(T) uniquely determines T' ([AKL25, Theorem 1.1] or [BBH"25, Theorem
1.2]). Having lost the color labels, B3(T") has less symmetry than the 3-coloring graph Cs(7T').
Despite this compression, our next result guarantees that a tree 7" can be reconstructed
uniquely from its Bell 3-coloring graph. Let Trees and Graphs denote the sets of isomorphism
classes of all (finite) trees and graphs, respectively.

Theorem C (Theorem 5.9). The map Trees — Graphs given by T +— Bs(T) is injective.

We also find it useful to work with a multigraph variant, the Bell coloring multigraph,
denoted B, (G), which uses multiple edges to encode how many vertices are responsible
for each adjacency. If P and P’ are two stable partitions of (G, then in the Bell coloring
graph, P and P’ are adjacent whenever there exists a vertex v € V(G) with P —v = P’ —v.
Thus, multiple vertices may witness the same adjacency, but By (G) still records only a single
edge between P and P’. In the multigraph version, we instead add a separate parallel edge
between P and P’ for each distinct vertex v such that P —v = P’ — v.

The additional information means that Bell coloring multigraphs serve as a more refined
graph invariant. For example, Figures 1 and 2 show that Bs(K3) = B4 (K3 U K;). However,
each edge incident to the partition P, in the latter graph is witnessed by two vertices, so
B3 (K 3) 2 By (K3 U Kq).

Yet even a Bell coloring multigraph cannot serve as a complete graph invariant. For
instance, By (K3) = By (K3). This ambiguity arises because the center vertex in K 3 is
adjacent to every other vertex. When a vertex v is adjacent to every vertex in G — v, we
call v a universal vertex. If G has a universal vertex w, then Byi1(G) = By(G — w) for
every k € N due to the natural bijection between stable k-partitions of G — w and stable
(k + 1)-partitions of G in which {w} forms an additional singleton part.

To handle this, let U(G) denote the set of universal vertices of G. We define the core
of G, denoted G°, as the induced subgraph G[V(G) \ U(G)]. We define the equivalence
relation ~yy,; on Graphs as follows: G~y G' if their cores are isomorphic, G° = (G')°. The
equivalence classes of graphs under this relation form the set Graphs® = Graphs/ ~yy;.

Our final result shows that a base graph of order n can be reconstructed from its Bell
n-coloring multigraph up to universal vertices:

Theorem D (Theorem 6.7). The map Graphs® — Multigraphs given by G — B\(\;(G)|<G) is
mjective.
3



Outline of the paper. Section 2 introduces Bell k-coloring graphs, gives small examples,
and develops basic tools for understanding adjacency, including a description of edges that are
realized by two vertices. In Section 3, we classify cliques in Bell coloring graphs and apply this
to show that K4 — e is not a Bell coloring graph and that K,, — e is not an induced subgraph
of any Bell coloring graph for n > 6. Section 4 introduces a matching reconfiguration
graph and shows that, for triangle-free graphs, it coincides with a Bell coloring graph; this
yields realizations of all trees and all cycles as Bell coloring graphs. Section 5 proves that
trees are reconstructible from their Bell 3-coloring graphs. Section 6 proves the multigraph
reconstruction theorem: the Bell n-coloring multigraph determines GG up to universal vertices.

2. PRELIMINARIES

2.1. Notation and conventions. Let N = {1,2,3,...} denote the set of positive integers.
For sets X and Y, we use the notation X \ Y = {z € X | z ¢ Y} for the set difference and
X UY for set union; in the special case when Y = {v} is a singleton, we also denote X \ {v}
by X —v and X U {v} by X +v. Given a graph G, we let G denote its complement. We
write G U H for the disjoint union of graphs G and H.

Definition 2.1. A stable k-partition of a graph G is a multiset P = {Vj,...,V;} of inde-
pendent sets that partition V(G), where we allow some of the parts V; to be empty.

Let Pr(G) denote the set of all stable k-partitions of G. For v € V(G), we write
P—v:={V,—v:1<i<k},

viewed as a multiset of k£ subsets.

A Bell k-coloring graph By (G) is the graph whose vertex set is P(G). Two vertices
Py, P, € Pp(G) are adjacent if and only if P, —v = P, — v for some v € V(G).

Throughout, partitions P,Q, R € Pr(G) are treated as unordered multisets of parts. We
write P ~ @ to denote adjacency in Bi(G). To specify the vertex responsible for the
adjacency, we use the following notation:

Pr~y@ < P~Qand P—v=0Q —v.

We say that a vertex v € V(G) is responsible for an edge PQ in By(G) if P ~, Q. Equiv-
alently, the edge P(Q) is realized by v. The condition P — v = ) — v implies that P and @)
agree on the structure of the partition when restricted to V(G) \ {v}.

We record the following useful fact, which we use several times in the paper: if P, ~, P
and P, ~, Py, then P, and Pj agree on V(G) \ {v}, so P, ~, P;.

2.2. Example Bell coloring graphs. We begin with a few illustrative examples.

Example 2.2. Consider By(Kj) where V(K,) = {1,2}. The stable 2-partitions are R; =
{{1,2},0} and Ry = {{1},{2}}. We have Ry — 1 = {{2},0} and Ry — 1 = {0, {2}}, so
R1 ~1 RQ. Slmllarly R1 ~9 RQ. Thus BQ(KQ) = KQ.

Example 2.3. Consider G = K3 K, on vertices {1,2,3,4}, where {1, 2,3} form the K3 and
the vertex 4 is isolated. We examine B3(G). Since {1, 2,3} is a clique, any stable 3-partition
must place them in different parts. The vertex 4 can join any part.

P = {{174}7 {2}’ {3}}7
Py = {{1}7j274}7 {3}}7



These are the only stable 3-partitions of G. We check adjacencies: P,—4 = Po—4 = P;—4 =
{{1},{2},{3}}. Thus, we have P; ~4 Py, Py ~4 P;, and P53 ~4 P;, so B3(G) = K.

Example 2.4. Consider the path graph G on vertices {1, 2, 3,4} with edges 12, 23, 34. The
stable 3-partitions are:

Ry = {{173}7 {2}7 {4}}7 Ry = {{174}7 {2}7 {3}}7
R = {{1}7 {2’4}’ {3}}a Ry = {{173}’ {2’4}7(0}'

A direct check shows that Ry ~1 Ry, Ry ~4 R3, R3 ~1 Ry, and Ry ~4 Ry. The graph Bs(Py)
is the cycle Cy; see Figure 3.

({13} {2} {4} f—1—{ {1.4}.{2}. {3} ]
| |

2,4 4

| |
({13} 2.4, 0 }—1.3—{ (1} (2.4}, {3} ]

F1GURE 3. The Bell 3-coloring graph of the path P, is the cycle graph Cj.
Each edge incident to Ry = {{1,3},{2,4},0} is doubly realized: it can be
obtained by moving either of two nonadjacent vertices (using the empty part
in Ry), so the same pair of partitions is adjacent via two distinct vertex moves.

2.3. Multiple edges. As we see in Figure 3, an interesting structural feature of Bell coloring
graphs is that two partitions might be adjacent via more than one vertex simultaneously.
The following lemma characterizes this phenomenon.

Lemma 2.5 (Characterization of doubly realized edges). Let P,Q € Pir(G) be distinct
partitions. If P ~, Q and P ~,, Q for distinct vertices v,w € V(G), then v and w are
nonadjacent in G. Furthermore, P and () decompose as:

P={{v,w},0}UR, and Q= {{v}{w}}UR
for some multiset R consisting of k — 2 independent sets.

Proof. Since P ~, @, the partitions coincide when v is removed. Thus, there exist sets
Vi, Vo CV(G) \ {v} and a collection of parts R’ such that:

P={ViU{v}, 3} UR,
Q={Vi,aU{v}}UR.
Since P # (), we must have V; # V5. Now consider the condition P ~,, (. If w were in
some part C' € R, then P —w = @ —w would imply {V; U{v}, Va} = {V1,VaU{v}}, forcing
Vi = V,, a contradiction. Thus w € Vj or w € V5. Without loss of generality, assume w € V.
Write V; = V/ U{w}. Then:
P—w={V/U{v},Va} UR,
Q—w={V,Vau{v}}UR.
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Equality forces the multisets to be the same: {V/ U {v}, Vo} = {V{, V2 U {v}}. This implies
V] = V,. For the parts of P to be disjoint, we must have (V} U {w,v}) NV, = (). Since
V] = Vs, this requires V{ = 0, so Vo = (). Thus P = {{v,w},0}UR" and Q = {{v},{w}}UR"

Finally, since {v,w} is a part in P, v and w must be nonadjacent in G. U

We encountered this double—edge phenomenon in the smallest case Bs (Fg) =~ Ky: there
are two partitions P = {{u,v},0} and Q = {{u},{v}}, and both u and v are responsible
for the adjacency P ~ Q. Thus, the unique edge of By(K3) acts like a doubly realized edge,
corresponding exactly to the special case of Lemma 2.5 with R = ().

Remark 2.6. Let P, € Py(G) be distinct partitions. Then PQ is a doubly realized edge
with distinct v, w € V(G) such that P ~, @ and P ~,, @ if and only if there is a collection
R of k — 2 parts such that, up to relabeling of parts,

P={{v,w},0}UR and @ = {{v},{w}} UR.

In particular, at most two vertices of G' can be responsible for a single edge PQ in By (G).
Indeed, if three distinct vertices v, w, x were all responsible for PQ), then applying Lemma 2.5
to the pairs (v, w) and (v, z) would force two different decompositions of P of the above form,

contradicting the uniqueness of the part containing v. Equivalently, for every edge P(Q in
Bi(G), the set {u € V(G) : P ~, Q} has size at most 2.

3. CLIQUES IN BELL COLORING GRAPHS

The relationship between colorings that give rise to cliques in a k-coloring graph is straight-
forward: a copy of K,, appears in Ci(G) if and only if it arises by recoloring a single vertex in
m distinct ways [BFH'16, Lemma 8]. In Subsection 3.1, we provide several definitions and
lemmas leading up to Theorem 3.8, which enumerates the types of cliques present in Bell
coloring graphs. In contrast to standard coloring graphs, small cliques in By (G) need not be
realized by a single anchor vertex. However, for any clique K, with m > 5 in a Bell coloring
graph, there is a vertex u € V(G) such that P, ~, P; for every edge P,P; of the clique. In
Subsection 3.2, we use our classification result to prove that certain nearly complete graphs
cannot appear as Bell coloring graphs or as induced subgraphs of Bell coloring graphs.

3.1. Definitions and clique classification theorem. To classify the cliques of Bi(G),
we group them according to which vertices of G realize their edges. First, we differentiate
between cliques in which each edge is realized by the same vertex and all other cliques. We
call the former an S-clique since it is realized by a single vertex, and the latter a T-clique,
since the smallest such example is realized by three distinct vertices.

Definition 3.1. An S-clique in the Bell coloring graph By (G) is a clique K = { Py, ..., P,}
that admits an anchor vertex u such that P, —u = P; —u for all 1 <1 < j < m; equivalently,
for every edge P;P; of the clique we have P; ~, F;.

A T-clique in a Bell coloring graph is any clique that is not an S-clique.

In standard coloring graphs, an anchor vertex for a clique is solely responsible for each
edge. By contrast, Figure 4 depicts an S-triangle in which one of the edges has two vertices
responsible for it.

We present some lemmas that distinguish S-cliques from T-cliques before enumerating

special types of T-cliques. The following lemma establishes that although an S-clique may
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{{v,w}, {z,y}}

v, w v
{

Hybrid triangle

{{v}, {w}, {z,y}} {w}, {v,z,y}}

FIGURE 4. An example of an S-clique in B3(G) (where G is K5 with center
w plus an isolated vertex v) that exhibits hybrid behavior. The vertex v is
responsible for all three edges (making it an S-triangle), but both v and w are
responsible for the edge P, P,, making it a doubly realized edge.

have doubly realized edges, there is a unique vertex that realizes all edges whenever the
clique has at least three vertices.

Lemma 3.2 (Anchor uniqueness). If K is a clique of order at least 3 in the Bell coloring
graph of G and there ezists a vertex a € V(G) such that every edge of K is realized by a,
then a is unique. That is, every S-clique of order at least 3 has a well-defined anchor vertex.

Proof. Suppose, to the contrary, that an S-clique K with |[K| > 3 has two distinct anchors a
and b. Let P, P,, P; € K be distinct partitions. Since the edge P P, is realized by both a
and b, Lemma 2.5 implies that:

P ={{a,b},0} UR and P, ={{a},{b}}UR

for some common restriction R on V(G) \ {a,b}. Applying the same argument to P, and P;
forces Py = {{a},{b}} U R, so Py = P», a contradiction. O

We show that every T-triangle has three distinct vertices responsible for its edges.
Lemma 3.3. Let A = { Py, Py, Ps} be a triangle in Bi(G), and for each 1 <i < j <3, let
Vij i ={veV(G): P, ~, P;}.

Then exactly one of the following holds:

(1) Via N Vo3 N Va1 # B, in which case A is an S-triangle.
(2) The sets Via, Vag, Va1 are pairwise disjoint singletons, in which case A is a T-triangle.

Proof. It P, ~, P, and P, ~, P3, then P, ~, P3. Hence if u € Vis N Va3, transitivity
implies u € V31, so u realizes every edge of A and is a common anchor. In this case, A is an
S-triangle, and we are in alternative (1).

Now assume that A is not an S-triangle. By definition, A is then a T-triangle, and
alternative (1) fails. No vertex can lie in two of the sets V;;. Indeed, if u € Vip N Vas, the
previous paragraph would show that u is a common anchor. Thus Vis, Vag, V31 are pairwise
disjoint. Since each F;P; is an edge, each V}; is nonempty, and by Lemma 2.5 we have
Vil € {1,2}. 7



Suppose for contradiction that A is a T-triangle but some edge is doubly realized, say
|Via| = 2 with Vi = {a,b}. By Lemma 2.5, we may assume

P, ={{a,b},0} UR, P, = {{a},{b}}UR

for some multiset R. Let v € Vi3 and w € Vb3, Since the sets Vig, Vag, V31 are pairwise
disjoint, we have v,w ¢ {a,b}. Because v ¢ {a,b}, the adjacency P, ~, Pj forces P; to
retain the part {a,b}. Similarly, because w ¢ {a,b}, the adjacency Py ~,, P3 forces Pj to
retain the singletons {a} and {b}. This is impossible: P; cannot simultaneously contain
{a,b} and {a}, {b}.

Thus, in a triangle with no common anchor (that is, a T-triangle), no edge can be doubly
realized. Since each Vj; is nonempty and the three sets are pairwise disjoint, it follows that
Via, Vas, V31 are pairwise disjoint singletons. This is exactly alternative (2). O

Corollary 3.4. If {Py, P», P3} is a triangle in B(G) with a doubly realized edge, then the
triangle is an S-clique. FEquivalently, every T-triangle has all three edges singly realized by
distinct vertices.

Next, we define special types of small T-cliques. Figures 5 and 6 depict these types of
cliques in general.

Definition 3.5. A cyclic T-triangle is a 3-clique { Py, Py, P3} with edges realized by vy, vs, v3
such that P, contains {v;} as a singleton part for i = 1,2, 3.

A radial T-triangle is a 3-clique { Py, P, P3} with edges realized by vy, v9, v3 such that P
contains {vy, ve,v3} as a part.

A fused T-tetrahedron is a 4-clique consisting of four T-triangles.

A split T-tetrahedron is a 4-clique consisting of three S-triangles and one T-triangle.

{{U1}7{027U3}} {{’U1,’U2,U3},Q)}

V3 Vg U3 V2
{{va}, {v1,vs}} {{vs}, {v1,v2}} {{v1,v2}, {vs}} {{v1,vs}, {v2}}
Cyclic T-triangle Radial T-triangle

FIGURE 5. Examples of the two types of T-triangles from Definition 3.5. In
the cyclic type, the partitions cycle the singleton vertex. In the radial type,
Py contains the triple {vy,vs,v3} while P, and P3 break it into a pair and a
singleton. Lemma 3.6 shows these are the only types of T-triangles.
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Ug/‘\l}g U3 U2

V1, U3 U1, V2 V2 V3
P2 U1 P3 P2 U1 P3
Split T-tetrahedron Fused T-tetrahedron

F1GURE 6. Examples of the two T-tetrahedra from Definition 3.5, correspond-
ing to the tetrahedra in Figure 7 depicting Bs(K3). The split tetrahedron
(left) is induced by the all-singleton partition Py and the cyclic T-triangle
{Py, Py, P3}, while the fused tetrahedron (right) is induced by the triple par-
tition P, and the triangle { P, P, P3}. Theorem 3.8 shows these are the only
types of T-tetrahedra.

Figure 7 shows a Bell coloring graph Bs(K3) that exhibits all five types of cliques described
in Definitions 3.1 and 3.5. The vertices of the Bell coloring graph are the five 3-partitions of
the set {vy,vq9,v3} labeled as follows:

P = {{U1}7 {UQ,U;),},@}, Py = {{U1}7 {U2}7 {U3}}7
Py = {{va}, {v1, 03}, 0}, Py = {{v1,ve,v3},0,0},
P3 = {{U3}7 {Ula UQ}: @}

In this graph, PyP; for i« = 1,2,3 is an edge, P,P; for i« = 1,2,3 is an edge, Py, P», P3 are
pairwise adjacent, and Py P, is not an edge.

Observe that Bs(K3) contains seven triangles and two tetrahedra. The three triangles that
include Py are S-triangles, each with two doubly realized edges. The three triangles that
include Py are radial T-triangles. The triangle induced by {P;, P, P3} is a cyclic T-triangle.
Partitions {P;, P,, P3, Py} induce a fused T-tetrahedron, and partitions {Fy, P;, P, P3} in-
duce a split T-tetrahedron.

We now show that the particular graph Bs(K3) is sufficiently rich to capture the behavior
of any T-triangle, allowing us to classify them as either cyclic or radial.

Lemma 3.6. Every T-triangle in By(G) is either cyclic or radial.
Proof. Let { Py, Py, P3} be a T-triangle with edges
Ple;;PQ; PQNmPBa PBNvgpl

and vy, vg, v3 distinct (see Corollary 3.4). For each adjacency P, ~,, P;, the partitions P,
and P; agree on V(G) \ {v1,v9,v3}. In particular, any two of Py, P, P3 coincide outside
{v1,v9,v3}, so there is a common restriction R on V(G) \ {v1,ve,v3} such that

P, = Pi’{m,vz,vg} UR fori=1,2,3.
9
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V1, U3

{{or}, {va}, {vs}}

FIGURE 7. Visualization of K5—e = B3(K3) as two tetrahedra { P\, P, Ps, P,}
and { Py, Py, P5, Py} sharing the common base triangle { Py, P, P;}. The par-
titions Fy and P, are the only nonadjacent pair of vertices.

V2, U3

Thus, the entire structure of the triangle is encoded by the three restrictions P;|y, vs,04}-
These correspond to three vertices of the Bell coloring graph Bs(K3), which is isomorphic
to K5 — e (see Figure 7). In that graph, there are exactly three types of triangles:

e a base triangle whose vertices are the three “pair+singleton” partitions of {vy, vq, v3};

e triangles that include the “triple” partition {{vy,vs,v3},0,0};

e triangles that include the “all-singleton” partition {{v1}, {va}, {vs}}.

Edges incident to the all-singleton partition are doubly realized (they split a pair into
two singletons), so by Corollary 3.4 any triangle involving the all-singleton partition is an
S-triangle, not a T-triangle. Since we started with a T-triangle in By (G), its restriction to
{v1,v9, v3} must correspond to one of the first two types. Translating these two possibilities
back to G yields:

Cyclic form. The restrictions B;|{y, vy} are exactly the three “pair4-singleton” partitions:

Hoih v, 03t} {{oeh, {o,va}), {{vs} {vr, va}}

In this case, each P; contains {v;} as a singleton part, and the edges are realized by vy, vs, v3
as above, so { P, P, P3} is a cyclic T-triangle in the sense of Definition 3.5.

Radial form. The restrictions P;|y, v,,05) consist of one “triple” and two “pair+singleton”

partitions:
{{U17U27U3}?®}7 {{U17U2}7{U3}}7 {{U1>U3}7{U2}}‘

Here, P, contains the triple {v1,v9, v3} as a part, and again the edges are realized by vy, v, vs,

so { Py, P2, P3} is a radial T-triangle in the sense of Definition 3.5. O
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The next lemma shows that once a T-triangle is fixed, any vertex adjacent to all three
triangle vertices has a partition that is already determined on all vertices outside {v, vg, v3}.
This rigidity will be crucial for enumerating 7T-tetrahedra and for ruling out the possibility
of larger T-cliques.

Lemma 3.7. Let {Py, P2, P3} be a T-triangle in By(G) with realizers vy, ve,v3. Let W :=
V(G) \ {v1,v2,v3}, and let R be the common restriction of the P; to W. If P is a vertex of
Bi(G) adjacent to each P;, then Ply = R.

Proof. Suppose, to the contrary, that P|ly # R. For each i, write P ~, P; for some
a; € V(GQ). If a; € {vy,v9,v3}, then P and P; agree on W; since Py = R, this implies
P|lw = R, a contradiction. Therefore, we must have a; € W for all : = 1,2, 3.

Since a; € W, the adjacency P ~,, P; forces P and P; to agree on V(G)\ W = {vy, va, v3}.
Thus, we obtain

P1|{v1,1)2,v3} = P|{v1,v2,v3} = P2|{v1,v2,v3}~

However, by Lemma 3.6, the T-triangle {P;, P;, P3} is either cyclic or radial, and in both
patterns the three restrictions Pj|{y, vy} are pairwise distinct (as is clear from the explicit

forms in its proof). This contradiction shows that our assumption Pl # R was false, so

We now state and prove the general classification theorem.

Theorem 3.8. For any clique K = {Py,..., Py} with m > 1 in Bx(G), exactly one of the
following holds:

(1) K =A{Py, Py, Ps} is a cyclic T-triangle;

(2) K ={Py, P, P3} is a radial T-triangle;

(3) K ={Py, P, P3, Py} is a split T-tetrahedron;

(4) K ={Py, P, P3, Py} is a fused T-tetrahedron; or

(5) K=A{Py,...,P,} is an S-clique.

Proof of Theorem 3.8. Let I = {P,...,P,} be a clique in By(G). Let Vi; = {v € V(G) |
P, ~, P;}. By Lemma 2.5, we have |V;;| € {1,2}. We proceed by a case analysis on m.

Case m =1 (vertex). A single vertex vacuously has an anchor, so K is an S-clique.
Case m = 2 (edge). The unique edge in K is either singly realized or doubly realized (see
Lemma 2.5 for the latter). In either case, K is an S-clique.

Case m = 3 (triangle). Apply Lemma 3.3 to {P;, P, P3}. Either there is an anchor u
(S-clique) or each edge is singly realized by distinct vertices (T-triangle).
Case m = 4 (tetrahedron). If all faces are S-triangles, the clique is an S-clique; indeed,
by Lemma 3.2, S-triangles sharing an edge must share the same anchor.

Otherwise, K contains a T-triangle {P;, Py, Ps} realized by distinct vertices {vy, vq, v3}.
By Lemma 3.6, all partitions in this triangle coincide on W := V(G) \ {v1,v9,v3}. Any
fourth vertex P € K must also agree with them on W by Lemma 3.7. Thus, the structure
of KC is determined entirely by the restrictions of its vertices to {vy, ve, v3}.

The graph of stable partitions on three vertices is isomorphic to Bs(K3) = K5 — e (see
Figure 7). The only 4-cliques in K5 — e are the two tetrahedra sharing the base triangle.
These correspond precisely to the split K (containing the all-singleton partition F,) and the

fused K, (containing the triple partition Pj).
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Case m > 5 (higher order). If K contains a T-triangle, it must embed into the local graph
described above. Since Bs (Fg) = K5 — e contains no 5-clique, no T-clique can extend to size
m > 5. Thus, every K, subclique of K must be an S-clique. By Lemma 3.2, the anchors of
overlapping S-cliques must coincide, so the entire clique K is an S-clique. 0]

3.2. Forbidden induced subgraphs. As a first application of the clique classification, we
identify a small graph that cannot occur as a Bell coloring graph.

Theorem 3.9. The diamond graph K4 — e is not isomorphic to Bx(G) for any graph G and
integer k.

Proof. Suppose Bi(G) = K, — e with vertices { Py, Py, P5, P,} and missing edge P;P;. The
graph consists of two triangles Ay = Py P, P; and Ay = P, P3P, sharing the edge P, Ps.

First, Ay is not a T-triangle. If it were, its vertices would arise from three distinct
realizers {vy, v, v3}. As shown in Figure 7, the local structure of partitions on three vertices
is isomorphic to K5 —e. In that graph, every triangle is contained in a K4. Thus, the vertices
{Py, Py, P3} would extend to a K involving P,. This forces P, ~ Pj, a contradiction. By
symmetry, A, is also not a T-triangle.

Therefore, both Ay and A, are S-triangles. Let v and v be their respective anchors. If
u = v, transitivity of adjacency at w implies P; ~, P;, a contradiction. Thus u # v, and the
shared edge P, Pj; is realized by both v and v. By Lemma 2.5, we may write:

P, ={{u,v},0}UR and P; = {{u},{v}} UR.

Since P; # P3, the partition P; must be obtained from P, by moving u to a part A € R.
Similarly, P, is obtained from P, by moving v to a part B € R. Define a new partition P
by performing both moves simultaneously:

Ps = (P \ {{u,v}, A, B}) U{A U {u}, BU{v},0}.

(If A = B, the new parts merge into AU {u,v}). Ps is stable because A U {u} is stable
(implied by P;) and B U {v} is stable (implied by P;). Since Ps differs from Pj, ..., P, by
the placement of at least one vertex, its existence implies |Bg(G)| > 5, a contradiction. [

Despite not being a Bell coloring graph, K, — e appears as an induced subgraph of a Bell
coloring graph. Indeed, K, — e is an induced subgraph of K5 — e, which is a Bell coloring
graph due to K5 — e = Bs(K3) from Figure 7. On the other hand, our classification theorem
shows that K4 — e is a forbidden subgraph.

Theorem 3.10. The graph Kg — e is not an induced subgraph of any Bell coloring graph.
Hence, the set of graphs K,,—e forn > 6 is an infinite family of forbidden induced subgraphs.

Proof. Suppose H = K¢ — e is an induced subgraph of By(G). The graph H consists of two
copies of K5, say A and B, intersecting in a K4. By Theorem 3.8, every clique of size > 5
is an S-clique. Thus, A and B are S-cliques. Since A and B intersect in a Ky, they share
an S-triangle. By Lemma 3.2, A and B share a common anchor vertex u. Consequently,
the union H = A U B is entirely realized by u, implying H is a complete graph K. This
contradicts the missing edge in K¢ — e.

Thus, Kg— e is not an induced subgraph of any Bell coloring graph. Since K,, — e contains

K — e as an induced subgraph, it follows that K,, — e is also forbidden for each n > 6. [
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Similar reasoning forbids other graphs composed of intersecting cliques. For instance,
K7 — Ky 5 (formed by two copies of K5 sharing a triangle) is not an induced subgraph of any
Bell coloring graph. While these examples suggest a rich theory of forbidden subgraphs for
By (G), a complete classification lies beyond the scope of this paper.

4. MATCHING GRAPHS AS A SOURCE OF BELL COLORING GRAPHS

In this section, we introduce the matching reconfiguration graph and establish its connec-
tion to Bell coloring graphs. As a consequence, we obtain Theorem 4.9, stating that all trees
and cycle graphs are realizable as Bell coloring graphs.

Recall that a matching is a set of edges that are pairwise vertex-disjoint. For a matching
M C E(G), we let G(M) denote the spanning subgraph of G' with edge set precisely M. In
other words, G(M) is obtained from G by removing all edges in E[G]\ M, while preserving
the vertex set of G.

Definition 4.1. Given a graph G and k € N, the matching reconfiguration graph M (G) is
the graph whose vertex set consists of all matchings in G of size at least k. Two matchings
My, My are adjacent if there exists v € V(G) such that G(M;) — v = G(My) — v.

We write M; ~, M to indicate adjacency via v, which implies that M; and M, differ only
by edges incident to v. We write M; ~ My if M ~, M, for some v € V(G).

We show that the matching graph M (G) has a Bell coloring graph interpretation. Fig-
ure 8 gives a concrete example, and Proposition 4.2 establishes the general result.

G G
@——~®
@——@
O—D—@
My(G) = B3(G)
{ab, cd, e} —— {ab,de,c} —— {ac,de,b} —— {ac, bd, e}

FIGURE 8. Illustration that My (G) = B;(G) for a particular graph G on 5
vertices. Vertex labels can be interpreted as matchings of size at least 2 or
stable 3-partitions.

Proposition 4.2. If G is a triangle-free graph of order n, then My(G) = B,_i(G).

Proof. We construct a graph isomorphism between My (G) and B, _x(G). Given a matching
M C E(G), we define a stable partition ®(M) of G. Suppose M contains edges ujvy, . . ., usvy
and isolated vertices wy, ..., w,_o Where £ > k. Let

O(M) = {{ur,v1}, ..., {ug,ve},{wi}, ..., {wn_20}}.

For each 1 < i < /, the set {u;,v;} is indeed independent in G. The map ® is injective
because a stable partition of the above form uniquely determines the underlying matching.
13



Moreover, ® is surjective because G contains no independent set of size three (equivalently,
G is triangle-free), so every stable (n — k)-partition of the indicated form comes from a
matching.

Finally, note that M; and M, are adjacent matchings if G(M;) —v = G(Ms) —v. This is
equivalent to ®(M;) —v = &(Ms) — v. We deduce that @ is a graph isomorphism. O

The isomorphism in Proposition 4.2 enables us to realize all cycles and trees as Bell coloring
graphs. We focus on the case where n = |V(G)| = 2k + 1. More formally, if n = 2k + 1
then we call My (G) the near-perfect matching graph of G. The following lemma gives three
equivalent conditions for two near-perfect matchings to be adjacent in a matching graph,
which helps us reason about matching graphs that are cycles. In particular, it shows that
near-perfect matchings are adjacent if and only if the unmatched vertices v and v have a
common neighbor w such that the symmetric difference of the matching is {uw, uv}.

Lemma 4.3. Let My, My be two near-perfect matchings of G with v unmatched in My and
u unmatched in Ms. The following are equivalent:

(1) G{M) —w = G(My) — w for some w € V(G).

(2) My = (M \ {vw}) U{uw} for some w € V(G).

(3) uw € My, vw € My, and G{My) —u—v—w = G(My) —u—v—w for some w € V(G).

Proof. The desired equivalence follows from three separate implications.

(1) = (3). Suppose G(M;) — w = G{(My) — w. Then certainly G(M;) —u —v —w =
G(Msy) — v — v — w. This implies that any edges in Mj, but not in Ms, must be between
the vertices u,v,w. Since only one such edge can be present in any valid matching, there
must be k£ — 1 edges present in G(M;) —u — v —w. Since G(M;) —u — v — w contains only
2k — 2 vertices, there must not be any edges in M; or M, with one endpoint in {u, v, w}
and another in G \ {u,v,w}. Therefore, both M; and M, consist of £ — 1 common edges
with both endpoints in G\ {u, v, w}, and one edge each in the set {uv, uw,vw}. If uv € My,
then G(M;) — w has k edges, which would fix M; = Ms, a contradiction. Therefore, by the
distinctness of M; and M,, we must have that uw € M; and vw € M,, up to relabeling.

(3) = (2). Suppose that uw € My, vw € My, and G{M;) —u—v—w = G{Ms) —u—v—w.
This means that M; = E(G{(M;)—u—v—w)U{uw} and My = E(G(Ms) —u—v—w)U{vw}.
Therefore, (M \ {vw}) U{uw} = E(G(My) —u —v —w) U {uw} = M.

(2) = (1). Suppose M; = (Mo \{vw})U{uw}, then M;\{uw} = My\ {vw}. This implies
that G(M;) —w = G(M; \ {vw}) —w = G(M; \ {vw}) — w = G(My) — w, as desired. [

We are now ready to prove that every odd cycle is a Bell coloring graph. Figure 9 illustrates
the proof of Lemma 4.4, which establishes that the near-perfect matching graph of an odd
cycle is the odd cycle and, due to Proposition 4.2, is realizable as a Bell coloring graph.

Lemma 4.4. Every odd cycle is a Bell coloring graph. In particular, Byi1(Cory1) =
M (Copy1) = Copyr for any k> 1.

Proof. Consider the near-perfect matching graph My (C,,) for n = 2k + 1. If we select a
vertex v to be the isolated vertex, then the remaining graph is the even path graph Psy.
There is only one possible set of k edges of Py, that remains vertex-disjoint. Therefore, we
can label a given vertex M, of M (C,) according to the vertex v which is unmatched. By
Lemma 4.3, M, can only be adjacent to M, if u and v share a neighbor, w. If this is the

case, then M, = (M, \ {uw}) U {vw}, so M, and M, will indeed be adjacent whenever
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u and v share a neighbor. If we label the vertices of C), as vy,...,v,, then we will have
adjacencies M, M,,,, where i + 2 is taken modulo n. Since 2 is coprime to n, this generates
Cn. Therefore Mk(Cng) = 02k+1- O

{vovs, vavs, ..., VpqUR}

v
2 {'U3U4a -y Unp—2Un-—1, Unvl}

{711@2, ) Un—QUn—1} \
\
\
\

{U5U6, ey UnlUy, U2U3} {v4v5, <oy Up—1Un, 2)102}

F1GURE 9. Vertex labeling for an odd cycle G = Cy,y1 and its corresponding
near-perfect matching graph illustrating that My (Cory1) = Cog.

We are now ready to show that every even cycle is also realizable as a Bell coloring graph.
To do this, we define a simple family of graphs that each consists of an even cycle with an ear
of length two attached to two cycle vertices with a common neighbor. The n = 6 example
is depicted in Figure 10.

Definition 4.5. For n = 2k, k > 2, we let G}, be the graph on n + 1 vertices with V(G,,) =
{u,w,v1,...,v,1} and E(G ) = {vszl |1 <i<n-—2}U{uv,wuy, uv,_ 1, wv, 1}

/\\
\//

F1GURE 10. The graph Gg as in Definition 4.5. Lemma 4.6 shows that, in
particular, the near-perfect matching graph of G¢ is Cs.

Lemma 4.6. Fvery even cycle is a Bell coloring graph. In particular, My (Gay) = Copia for
k > 2 and Gy, as in Definition 4.5.

Proof. We first observe that the special case of Cy is realized by Ba (KU K>y) = Co(Ky) = Cy,
an application of the constructive result that any coloring graph is realizable as a Bell coloring
graph [FM14, Proposition 2.5]. It suffices to show that M,,/2(G,) = Cy4o for all even n > 2
and G,, as in Definition 4.5.

We start by enumerating the vertices of M,,/2(G,,) for even n > 2. Each n/2-matching
must have a unique unmatched vertex. For ¢ = 1,3,...,n — 1, we note that G,, — v; has
a unique bipartition with parts of size n/2 + 1 and n/2 — 1, so v; cannot be the uniquely
unmatched vertex. Any other v is such that G — v has exactly two perfect matchings, so the
n + 2 vertices of M,,/5(Gy,) can be described as follows:

V(Moya(Gn)) = {My, M}, My, M} U | ) {M;, M]} for
i=2,4,....n—2
15



U1 V2 vz - UVi2e=Vi1
7\ AN
u w V; M;
N 7 /
Up—1 — Up—26=Up-3 .- VUip2=7"j41
U1 o) v3 - UVi2e=—V;i1
/N AN
u w v; M
N /
Up—1 — Up—2=Up-3 - Vip2=Vi41
(2 V2 U3 (5 V2 U3
7\ . /7 N\ .
U w . U w .
N S N 7
Un—1 — Un—2==Un—-3 Un—1 — Un—26==Un-3
M, M,
M,
/
M2 — Mn—2
/ N
M, M,
M1/u M!
N S
M,

/
Q\Mi—“"'/

FIGURE 11. Several matchings of G, and depiction of M, 2(Gy) = Cpo.

M, = {vva, ..., Uy 30y 2,0, W},

M, = {wvy,v903, ..., Vy_2Us_1},

My, = {uvy, vav3, . .., Vy_2Un_1},

M, = {vive,. .., Uy 30y 2,V 1U},

M; = {uvy, 003, . .., Vi_9Vi_1, Vig1Vit2, - - - Up—2VUp—1, Vp1w} for i = 2,4, ...
M,L/ = {U}’Ul, VU3, ..., U;2U;_1,Vi11Vj42,...,Un_2Un_1, Un_lu} for i = 2, 4, .

Some of these matchings are depicted in Figure 11.
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V1 ~ U2
[ o/ [} °
[ ] [ ) @ o
— i
~
H = ~
1

—
Hy

FIGURE 12. Vertices of the graph G = (H; U Hy)/(v1 ~ vy) where H; and Hj
have uniquely unmatched vertices v; and vy, respectively, and a near-perfect
matching of G corresponding to a vertex of Type (1) in £, the near-perfect
matching graphs of H; and H, joined on their unique matchings with v; and
V9, respectively, unmatched.

Next we use Lemma 4.3 to argue that the adjacencies exactly constitute the (n + 2)-cycle
with vertices ordered as M, Mo, ..., My_o, My, M, M o, ... M M. First, we enumerate
the edges that are present. Each M; is adjacent to M;;» and each M is adjacent to M;,,
because they differ only on the edge matching v;,1. We directly observe that G, (M,)—v,_1 =
Gn<Mq/U> —Up—1, Gn<M7;> — U = Gn<Mw> — U1, Gn<Mu> — U1 = Gn<M2> — 1, Gn<M;> —Up—1 =
Gn<Mr/z—2> — Un—1, Gn<Mw> — Un—1 = Gn<Mn—2> — Un—1, and Gn<Mq/u> — U = Gn<Mé> — U,
establishing the additional 6 edges.

To check the nonadjacencies, observe that no M; and M can be adjacent, because even
when v; and v; have a common neighbor, M; and Mj’ differ on which vertices are matched
with v and w. Since the unmatched vertex is the same in both M, and M, they cannot be
adjacent, and by symmetry neither can M, and M, . By direct inspection of both common
neighbors of v and w, since G,,(M,) —v; # G, (M,)—v1 and G, (M) —v,_1 # Gp(My)—v,_1,
M, and M, are not adjacent. By a symmetric argument, neither are M, and M. We
can check that M, has no neighbors other than M, and M, by considering the only other
matchings with an isolated vertex that shares a neighbor with u, which are M}, M, _o, M! _,,
and M,,. We have just checked that M, is not adjacent, and the others are not either, as
Gn<Mu> — U1 7& Gn<Mé> — U1, Gn<Mu> — Un—1 7é Gn<Mn—2> — Un—1, and Gn<Mu> — Un—1 7é
Gn(M] _,) —v,_1. Symmetric arguments establish that M, M,,, and M also have no other
neighbors in M,, /5(Gy,), establishing that M, /5(G,) = C,h0 as needed. O

Having shown that all cycles are realizable as near-perfect matching graphs and hence
Bell coloring graphs, we turn to the task of realizing all trees as Bell coloring graphs. To do
this, we first describe a procedure for joining near-perfect matching graphs to create larger
near-perfect matching graphs. This joining construction relies on a particular property of
odd-order graphs. For a graph G on n = 2k + 1 vertices, a vertex v is uniquely unmatched if
the graph G \ v has a unique perfect matching. For two such graphs H; and Hy, Figure 12
depicts a near-perfect matching of these graphs joined on their uniquely unmatched vertices.
We show that the near-perfect matching graph of this joined graph is exactly the joined
near-perfect matching graphs of H; and Hs.
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Proposition 4.7. For i = 1,2, let H; be a graph with uniquely unmatched vertex v;, let
ki = ([V(H;)| —1)/2, and let Mvz € V(My,(H;)) be the unique near-perfect matching of H;
with v; unmatched. Then

Mk1+k2((H1 U HQ)/(Ul ~ UQ)) = (Mkl (Hl) U Mk2(H2>)/(Mv1 ~ Mvz)v

where the left-hand side is the near-perfect matching graph of a graph obtained by joining Hy
and Hy on their uniquely unmatched vertices, and the right-hand side is a graph obtained by
joining the near-perfect matching graphs of Hy and Hy on the matchings corresponding to
the uniquely unmatched vertices.

Proof. Let G := (HyUHs)/(v1 ~ vy) and let L := (M, (Hy) UMy, (Hz))/(M,, ~ M,,). The
proof proceeds as follows. We first enumerate the types of vertices of £; then we define a
mapping ¢ from V(L) to V(My, 4k, (G)) and show that it is bijective. Then we enumerate
the edges of £ and show that & is edge-preserving, establishing an isomorphism between £
and the near-perfect matching graph of G.

By definition, the vertex set of £ can be partitioned into three types:

(1) Near-perfect matchings of H; with v; matched.
(2) Near-perfect matchings of Hy with v, matched.
(3) The vertex M, corresponding to both M, and M,,.

Next, we construct a mapping ® from V(L) to V(My, 4,(G)). Informally, the distin-
guished vertex in £ corresponds to the union of the distinguished matchings in H; and Ha,
and every other vertex in £ corresponds to a near-perfect matching of G by taking the union
of a specific near-perfect matching of one base graph with its distinguished vertex matched
and the unique matching of the other base graph with its distinguished vertex unmatched.
Formally:

M\{vyw} U {vw}UM,, if M is of Type (1)
QM) := ¢ M\{vow} U {vw} UM, if M is of Type (2)
M, U M,, if M is of Type (3)

Clearly, ® is an injection. It remains to describe ®~! and establish it as an injection.
Let M be an element of My, 1,(G). Let H; be the induced subgraph of G on the vertex
subset V(H;) —v; +v for i = 1,2. It must be that M restricted to H; has k; edges for
1 =1, 2, because each f[l has only enough vertices for 2k; to be matched, and M must have
2(ky + ko) total vertices matched. Since M is a near-perfect matching of G, it has exactly
one unmatched vertex w. We proceed by cases:

Case 1. w € Hy and w ¢ Hy. This means M |77, has w as an unmatched vertex, where
w # v, so v must be matched with a vertex in H 1 but not H2 Since vy is uniquely unmatched
in Ho, this fixes ]\4|H2 as M,,. Then M; := M|H1 — vw + vyw is the unique vertex in £ with
O(My) = M.

Case 2. w ¢ f[l and w € fIQ. This is symmetric to Case 1, with M, = M‘fzg — VW + Vow
the unique vertex in £ with ®(Ms) = M.

Case 3. we H 1 and w € H2 This requires w = v. Because M| i, has v; unmatched and
v; is uniquely unmatched for i = 1,2, we must have M|z 7, = My, for i = 1,2, and M, is the

unique vertex in £ with ®(M) = M.
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Because there is exactly one vertex in the preimage of ®~1(M) for each M, @ is a bijection.

Finally, we establish ® as a graph isomorphism between £ and the near-perfect matching
graph of G by showing that M; and M, are adjacent in £ if and only if ®(M;) and ®(Ms)
are adjacent in My, 1k, (G). To do this, we partition the edges of £ into four types:

(i) Edges between M; and M/ both of Type (1) where M;M] is an edge in My, (H;).
(ii) Edges between My and M} both of Type (2) where MyM) is an edge in My, (Hs).
(iii) Edges between M; and M, where M;M,, is an edge in My, (H;).

(iv) Edges between My and M, where MyM,, is an edge in My, (Ha).

We reason about each of these types of edges MM’ € E(L) separately and show that in
each case, ®(M)P(M’) is an edge in My, 1, (G).

(i) If MM’ is an edge in My, (H;) with v; matched in both M and M’, then there is
some z € V(H;) such that Hi(M) — 2z = H{(M'y — z. Let Z=zif 2 2 v; and Z = v
if z=wvy. Then G(®(M)) —Z = G(P(M’)) — z, so (M) and ®(M’) are adjacent in
Mk1+k2 (G)

(ii) If MM’ is an edge in My, (Hs) with v, matched in both M and M’, then the argument
that ®(M) and ®(M’) are adjacent in My, 1,(G) is symmetric.

(iii) If MM’ is an edge in My, (H;) with v; matched in M and v; unmatched in M’, then
M'" = M, and there is some z € V(H;) such that H;(M) — z = H,(M,,) — z. Then
G(®(M)) — z = G(®(M,)) — z, so (M) and ®(M,) are adjacent in My, 1, (G).

(iv) If MM’ is an edge in My, (Hsy) with vy matched in M and unmatched in M’, then
the argument that ®(M) and ®(M,) are adjacent in My, 11, (G) is symmetric.

Conversely, suppose M M’ is an edge in My, 4x,(G). This means there exists a vertex w
in G such that G(M;) — w = G(M3) — w. We proceed with a case analysis according to
the subgraph containing w, and the vertices u and «’ that are unmatched in M and M’,
respectively. B

Case 1. If u,u’ € Hy — v, then M|z = M'|z = M,,. Therefore, the condition that
G(M) —w = G(M’) — w is equivalent to H, (M) —w = H;(M') —w. This is true if and only
if the matchings ®~!(M) and ®~!(M’) (which are both in group (i)) are adjacent in L.

Case 2. If u,u’ € Hy — v, then the matchings ®(M) and ®*(M’) (which are both in
group (ii)) are adjacent in £ by a symmetric argument.

Case 3. If u € H; — v and v/ = v, then M|z, = M'|g, = M,,. Therefore, the condition
that G(M) —w = G(M’) — w is equivalent to Hy (M) —w = Hy(M') —w. This is true if and
only if the matchings ®~!(M) (which is in group (i)) and ®~*(M’) (which is in group (iii))
are adjacent in £.

Case 4. If u € Hy — v and «/ = v, then the matchings ®~!(M;) (which is in group (ii))
and ®~1(M,) (which is in group (iii)) are adjacent in £ by a symmetric argument.

There is one final case to consider for MM’ which we show cannot be an edge in
M4k, (G). If w € H —v and v/ € Hy — v, then in M, v must share a part with a
vertex w; in H 1, while in M’, v must share a part with a vertex wy in ﬁg. Therefore w must
be v. However, in G(M) \ {v} = G(M') \ {v}, we must have that u, v/, w;, and w, are all
unmatched. Since v can only be adjacent to at most one of these in any given matching,
this would yield 3 unmatched vertices, a contradiction.

We conclude that My, 1, (G) is isomorphic to £ via the map ®. O
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We can build many near-perfect matching graphs with the help of Propositions 4.7 and 4.2.
In particular, we can inductively apply Proposition 4.7 to show that any tree is a near-perfect
matching graph of another tree.

Corollary 4.8. Let T be a tree of order n > 2, and let Ty be the tree of order 2n — 1
constructed by subdividing each edge of T once. Then B, (Ts) = T.

Proof. We first argue that the near-perfect matching graph of any subdivided tree is the tree
itself. As a base case, observe that M;(P3) = P, with the ends of the P, corresponding to
the near-perfect matching with the leaves of P3 unmatched.

Let T be a tree of order n. Because any tree can be described as a leaf attached to a smaller
tree, let 7" be the tree of order n — 1 and let v € V(T') be such that T'= (17" U P) /(v ~ u)
for either u € V(P,). Assume inductively that 7" is such that the near-perfect matching
graph of 77 is T" and all vertices in the bipartition of 77 containing its leaves are uniquely
unmatched vertices in 7. Then applying Proposition 4.7, we conclude that the near-perfect
matching graph of T is T'.

Finally, Proposition 4.2 gives that T = M,,_1(T}) = B,(T,). d

Proposition 4.7 can be applied in other ways to yield additional families of graphs realizable
as Bell coloring graphs. For example, note that although the graphs yielding even cycles
do not have uniquely unmatched vertices, odd cycles do. Therefore, any graph that can
be constructed by iteratively joining odd cycles is a Bell coloring graph. We leave further
exploration of families of graphs that can be constructed similarly for future work and instead
summarize our results of this section as follows.

Theorem 4.9. All trees and all cycle graphs are realizable as Bell coloring graphs.

5. RECONSTRUCTING TREES FROM THEIR BELL 3-COLORING GRAPH

This section proves Theorem 5.9 through a sequence of lemmas that yield an algorithmic
procedure for reconstructing a tree given its Bell 3-coloring graph. First, we prove that three
categories of trees can be differentiated based on the degree sequence of their Bell coloring
graphs, and then we show that within each category, other Bell coloring graph features
determine the specific tree. As we can manually verify the result for all trees of order at
most 5, we assume n > 6 throughout this section.

Since B3(T) has 2"~2 vertices (see [DP09, Proposition 3.1]), it suffices to show that the
map T — B3(T) is injective when restricted to trees of fixed order. Let Z = {X,Y, (}} denote
the unique bipartition of T' viewed as a stable 3-partition, with | X| < |Y|. A double broom
B(3,a,b) is a tree formed by a path u-v-w with a leaves adjacent to u and b leaves adjacent
to w. For n > 6, we have a + b > 3, and we assume a > b. Note that |X| = 2 if and only if
T = B(3,a,b).

We categorize trees of order n based on the size of the smaller bipartition set X:

(i) The star graph Kj,_1, where | X| = 1.

(ii) Double brooms B(3,a,b), where |X| = 2.
(iii) Generic trees, where | X| > 3.

Lemma 5.1. For a tree T of order n, the mazimum degree of B3(T') is at most n.

Proof. Let P € B3(T) be given by P = {S}, 5, 53}. Let m, = #{R | P ~, R} count the
number of neighbors that differ from P at the vertex v.
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We claim that m, < 1 for each v € V(T'). Let w be a neighbor of v. Without loss of
generality, suppose v € Sy and w € S,. If there exists a stable partition R (different from
P) for which P — v = R — v, then it is obtained from P by moving v to Ss; in this case,
R ={S1 —v,52,53U{v}} and m, = 1. If v has neighbors in both Sy and S3, then no such
R exists and m, = 0. In either case, m, <1 for each v, and so deg(P) <Y m, <n. O

We now establish that the unique bipartition Z = {X,Y, 0} is the sole candidate for a
vertex of degree n.

Lemma 5.2. For a tree T of order n, let P € B3(T) be a partition with 3 nonempty parts
S1,52,S5. Then degBS(T)(P) <n-—1.

Proof. Suppose, to the contrary, that some partition P = {5, Sy, S3} with Sy, S5, S3 nonempty
has degree n as a vertex in B3(7"). By the proof of Lemma 5.1, any partition P € Bs(7') with
deg(P) = n satisfies the following property: the neighborhood Np(v) is contained within a
single part of P for each vertex v of T

The restriction of P to any subtree of 7" maintains this property. Consider a minimal
(with respect to inclusion) induced subtree T” of T" such that the restriction of P to T" also
has 3 nonempty parts. In particular, |V(7")| > 3. Consider a leaf vertex u of 7", with
unique neighbor v. Suppose without loss of generality that v € S; and v € S;. Now consider
any neighbor w of v (excluding u). By the desired property, w € S, but then consider
T" = T" — u. Since both u and w belong to S;, we know that 7" also has three nonempty
parts and has the desired property, contradicting the minimality of 7". 0

The degree of Z = {X,Y,(} in B3(T') depends on the size of the smaller bipartition set.
In particular, we use the following notation for a neighbor of Z:

X = Y {u}}, veX,
v {X,Y —v, {v}}, vey,

Then we can write the degree as deg(Z) == [{Z, : v € V(T)} \ {Z}|
Lemma 5.3. Let Z be the bipartition of a tree T'. The degree of Z in Bs(T) is given by:

n if | X| > 3 (generic)
deg(Z) =< n—1 if|X]| =2 (double broom)
n—1 if|X|=1 (star)

Proof. The neighbors of Z are exactly the partitions obtained by moving a vertex v to the
empty part. We analyze when these partitions are distinct. First, Z, = Z if and only if
|X| =1 (and v € X). Note that |Y| = 1 is impossible as n > 6. For u # w, Z, = Z,, if and
only if u,w are in the same part, say X, and X = {u,w} (i.e., | X| = 2).
(i) |X| = 1: The move from X yields Z itself. Moves from Y yield |Y| = n — 1 distinct
neighbors. Thus, deg(Z) =n — 1.
(i) |X| = 2: Moves from X yield a single distinct neighbor (Z, = Z,). Moves from Y
yield |Y| = n — 2 distinct neighbors. Thus, deg(Z) =1+ (n —2) =n — 1.
(iii) |X| > 3: All n moves yield distinct neighbors, none equal to Z. Thus, deg(Z) =n. O

These bounds allow us to classify trees based on the degree sequence of Bs(7') as follows.
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Lemma 5.4. Consider the degree sequence dy > dy > d3 > +-+ > don—2 of some B3(T).
Then:

(1) T is a star if and only if dy = don--.

(11) T is a double broom B(3,a,b) if and only if di = dy > dgn-2.
(i1i) T is generic if and only if dy > ds.

Proof. We analyze the three cases based on the size of the smaller bipartition set X.

Case 1: |[X|=1.

Let X = {c} (the center). By Lemma 5.3, deg(Z) = n — 1. Any stable 3-partition P
must isolate ¢, say P = {{c}, L1, Lo}, where Ly, Ly partition Y (the leaves). The center
¢ cannot move to create a distinct partition. Any leaf v € L; can move to L; (j # 1)
because N(v) = {c}. Therefore, deg(P) = |Li| + |L2| = |Y| = n — 1. The graph Bs(T) is
(n — 1)-regular. Thus, d; = dgn-2.

Case 2: |X| =2

By Lemma 5.3, deg(Z) = n — 1. By Lemmas 5.1 and 5.2, the maximum degree must be
n—1,s0d; =n— 1. We first show d; = dy. Let X = {u,w}. Let = be a leaf adjacent to u.
Consider the partition Z, = {X,Y — x,{z}}. We compute deg(Z,):

e x moves to Y — z and yields Z. (1 neighbor).
e w moves to {z}, since wx ¢ E(T). (1 neighbor).
e Any y € Y — x moves to {z}. (n — 3 neighbors).

Total degree is 1 + 1+ (n —3) = n — 1. Since Z and Z, are distinct vertices with degree
n—1, we have dy =dy =n — 1.

We now show that the Bell 3-coloring graph is not regular. Consider Z, = {X,Y —v, {v}}
where v is the central vertex in Y. Since v is adjacent to both v and w, neither can move
to {v}. The vertex v can move from {v} back into Y — v, which yields Z, and each leaf in
Y — v can move to {v}. Hence, deg(Z,) =1+ (n — 3) = n — 2. Thus, Bs(T) is not regular,
and d1 = d2 > dgn—?.

Case 3: |X| >3

By Lemma 5.3, deg(Z) = n, while any other partition P has three nonempty parts and
therefore satisfies deg(P) < n —1 by Lemma 5.2. Thus, Z is the unique vertex of maximum
degree. Therefore, dy =n > ds. O

We now reconstruct the adjacency matrix of 7. By Lemma 5.4, we can distinguish the
three categories of trees; we treat each case separately. Before we proceed, we explicitly
describe the Bell 2-coloring graph of an independent set.

Example 5.5. Given an integer m > 1, the graph By (K ,,) is obtained from the hypercube
Qm—1 by adding edges between antipodal vertices. In particular, By(K,,) is m-regular.

Write V(K ,,) = {v1,...,vn} and fix v, to break symmetry. Any stable 2-partition of K,
can be written uniquely as

{51,852 U vt}
where 51,53 C {v1,..., U1} form a partition. Encode such a partition by a binary string

$1+Sm1 € {0,1}™ 1 where
{0, v; € Sl,
S; =

1, v; € SQ.



This yields a bijection between V (By(K,,)) and the vertex set of the (m — 1)-dimensional
hypercube @,,_1, so

V(By(Km))| =271

We now translate adjacency. Let P and P’ be two such partitions, with corresponding strings
1+ Sm_y and ty - tpy_1.

(i) Moving v; fori < m — 1. If P’ is obtained from P by moving v; from S; to Sy U {v,,}
(or vice versa), then s; = t; for all j # i and s; # t;. Thus, P and P’ differ at exactly one
leaf v;, and the strings differ in exactly one coordinate. These edges correspond to the usual
edges of Q1.

(i1) Moving v,,. The only way v,, can move is by swapping the two parts:

{81, 82 U {om}} < {82 U {vm}, S1}.

Under our encoding, this swap sends s; - - - s,,_1 to its bitwise complement s; ---35,,_1, i.e.,
a string that differs from s in all coordinates. Thus, each vertex in By(K,,) has a unique
additional neighbor given by its antipode in Q,,,_1.

Consequently, By(K,,) is obtained from Q,,_; by adding an edge between every pair of
antipodal vertices. Every vertex has degree (m — 1) from the hypercube edges plus 1 from

its antipodal neighbor, so By (K ,,) is m-regular.

5.1. Stars. By Lemma 5.4, stars are the only trees whose Bell 3-coloring graphs are regular.
Thus, we can immediately infer when a Bell 3-coloring graph of a tree of order n is the Bell
3-coloring graph of K ,_;, the unique star of order n.

Before handling the reconstruction of double brooms from their Bell 3-coloring graphs, we
observe the exact structure of a star’s Bell 3-coloring graph. Note that any stable 3-partition
of a star must isolate the center vertex, so stable 3-partitions of a star are in bijection
with stable 2-partitions of n — 1 isolated vertices and hence B3(K,,_1) = Ba(K, 1), which
Example 5.5 establishes as (),,_» with edges between antipodal vertices.

5.2. Double brooms. We now handle the case of double brooms (see Figure 13). Because a
double broom B(3, a,b) of order n is determined by a, it suffices to show that the number of
edges in the Bell 3-coloring graph of B(3,a,b) determines a. We prove the following lemma
and note that from this edge count, we can uniquely recover a.

2D G VA

u (% w u v w

B(3,3,1) B(3,2,2)

FIGUrE 13. Examples of double broom graphs B(3, a, b), constructed from a
central path © — v — w by adding a leaves to u and b leaves to w.

Lemma 5.6. The number of edges in the Bell 3-coloring graph of T = B(3,a,b) is

|E(Bs(T))| = (2(a +b) +1)2°~1 420 420 1,
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Proof. The vertex set V(Bs(T')) partitions into two sets based on the placement of the non-
adjacent centers u and w:

Vo ={P € B5(T) : u,w lie in the same part of P},
Vi =A{P € B5(T) : u,w lie in different parts of P}.

Since v is adjacent to both u and w, any P € V must contain the part {u, w}; the remaining
n—2 vertices form an independent set S. Thus the induced subgraph B3(1")[Vo] is isomorphic
to Ba(S) = By(K gyp1). From Example 5.5:

IE(VY)| = (a+ b+ 1)20+071,

For P € Vi, the vertices u, v, w must occupy distinct parts. The a leaves at u have 2 available
colors each, and the b leaves at w have 2 available colors each. No adjacencies exist between
these leaves. Thus, the induced subgraph Bs(T)[V1] is isomorphic to the hypercube Qu.y,
S0:
(V)] = (a+ b2,

Finally, edges between V; and V; occur when u moves to the part containing w (possible
only if no neighbor of u is in that part) or vice versa. A partition P € V; admits a move of
u to w’s part if and only if all @ neighbors of u are in v’s part. There are 2° such partitions.
Similarly, P admits a move of w to u’s part if and only if all b neighbors of w are in v’s part.
There are 2* such partitions. Exactly one partition (where all leaves are with v) allows both
moves, producing the same neighbor in V. Thus, the number of cross-edges is:

|E(Vo, V1) =20+ 2° — 1.
Summing these gives the total edge count:
|E(Bs(T))| = (2(a + b) + 1)2071 420 4 20 1, O

Using Lemma 5.6, we can distinguish two double brooms B(3, a,b) and B(3, ¢, d). Indeed,
suppose B(3,a,b) and B(3,¢,d) have isomorphic Bell 3-coloring graphs. Since the number
of vertices 272 fixes the sum a+b, the term (2(a+b) +1)247~! is invariant. The equality of
edge counts implies 2 + 2° = 2¢ + 2¢_ which leads to the equality {a,b} = {c,d}, as desired.

5.3. Generic trees. Suppose |Y| > |X| > 3. From the proof of Lemma 5.3, the neighbors
of the bipartition Z in B3(T') are exactly the partitions

(X —w, Y {w}}  ifweX,
XY —w, {w}) ifwey,

each obtained by moving a single vertex w to the third part.
Lemma 5.7 shows that a square in B3(T') incident to Z as in Figure 14 certifies the
nonadjacency of a pair of vertices in 7T'.

Lemma 5.7. Let T be a tree of order n > 6 with bipartition Z = {X,Y,0} where |X| > 3
and |Y| > 3. For distinct vertices u,v € V(T), the vertices Z, and Z, have a common
neighbor in B3(T) distinct from Z if and only if u and v are nonadjacent in T

Proof. (<) Suppose u and v are nonadjacent. Define the stable 3-partition:

R:={X\{u, ’U}’;: \ {u, v}, {u, v}}.



FiGURE 14. Square formed by 7, Z,, Z,, and a common neighbor R with
responsible vertices labeled.

Because | X|,|Y| > 3, both X \ {u,v} and Y\ {u, v} are nonempty, so R # Z. Moreover,

R—v={X\{u,v}, Y\{u,v}, {u}} =2, -0,

so Z, ~, R, and symmetrically Z, ~, R. Thus, R # Z is a common neighbor of Z, and Z,.
(=) Conversely, suppose Z, and Z, have a common neighbor R # Z:

Zu ~a R7 Zv ~b R

for some vertices a, b.

As T is generic, no edge of B3(T') is doubly realized: Lemma 2.5 requires a stable partition
with parts {z}, {y}, V(T) \ {z, y}, which is impossible because |X|,|Y| > 3. Consequently,
each edge has a unique responsible vertex, so a and b are uniquely determined. From

Zy—a=R—a and Z,—-b=R-0

we deduce
Zy—{a,b} = R—{a,b} = Z, — {a, b}.

But Z, and Z, differ from Z only at v and v, so they can only differ from each other at u
and v. Thus, {a,b} = {u,v}. If a = u, then Z, —u =27 —u= R —u, so R is obtained from
Z — u by deciding whether w is in its own part or not; the only stable options are Z and Z,,
contradicting the assumption that R ¢ {Z, Z,}. We deduce that a # u, and similarly b # v.
So, a = v and b = u, giving us Z, ~, R and Z, ~, R.

Now, assume for a contradiction that u and v are adjacent. Consider the possible moves:

oIn Z, = {X —u, Y, {u}}, the vertex v lies in Y and all neighbors of v lie in X,
including u in the singleton part {u}. Any legal move of v must send v to a part
containing no neighbor of v. If v has a neighbor in X \ {u}, then v has no legal move
at all. If v is a leaf with a unique neighbor u, there is exactly one legal move, sending
v to X \ {u}, which yields a unique neighbor R; of Z, via v.

e Symmetrically, in Z, = {X,Y — v, {v}}, any legal move of u (if it exists) produces a
unique neighbor Ry of Z, via u, and this can occur only if u is a leaf with a unique
neighbor v.

In a tree with at least three vertices, two adjacent vertices cannot both be leaves, so at most

one of Ry and Ry exists, and in any case R; # Ry. Thus, there is no partition R # Z that

is adjacent to both Z, via v and Z, via u, a contradiction. 0
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This lemma is particularly powerful when combined with our ability to identify from Bs(T')
the unique vertex Z whose corresponding partition has an empty part. We can identify this
vertex because Lemma 5.3 says that it has degree n, and Lemma 5.2 ensures it is the unique
vertex of maximum degree. With Z identified, we can label each of its neighbors in Bs(T")
by a vertex of T" and then apply Lemma 5.7 to identify exactly those pairs of vertices that
are adjacent. This adjacency matrix completely describes the tree, and the corollary below
follows.

Corollary 5.8. Let T and Ty be two trees of order n with bipartitions Z; = {X1,Y1,0} and
ZQ = {XQ,}/Q, @} with |X1|, |X2|, |Yi|, |}/2| Z 3. Then Bg(Tl) = Bg(Tz) ’Lf and only Zle = Tz.

We now combine the classification of tree types with the specific reconstruction results for
each case to prove the main result on Bell 3-colorings of trees.

Theorem 5.9. For trees Ty and Ty, we have Bs(Ty) = B3(Tz) if and only if Ty = T.

Proof. One of the implications is immediate. For the converse, assume B3(71) = Bs(15).
Since the graphs have 272 vertices, T} and T, must have the same order. By Lemma 5.4,
Ty and T; must belong to the same class of trees (generic, double broom, or star) based on
the degree sequence of the Bell coloring graph.

If they are stars, they are trivially isomorphic as they share the same order. If they are
double brooms, Lemma 5.6 shows that nonisomorphic double brooms yield Bell coloring
graphs with different edge counts, forcing 77 = T5. If they are generic, Lemma 5.7 allows
the unique reconstruction of the adjacency matrix of the tree from the common neighbors
of the vertices adjacent to the unique bipartition vertex Z. 0

6. RECONSTRUCTION FROM THE BELL MULTIGRAPH

In this section, we prove that a graph G of order n can be reconstructed (up to universal
vertices) from its Bell coloring multigraph B, (G). We first identify the singleton partition
Q = {{wn},...,{vn}} (up to automorphism), use the neighborhood of @ in B, (G) to de-
termine the line graph L(G), and finally invoke Whitney’s isomorphism theorem [Whi32]
to recover G from its line graph. This last step requires distinguishing triangles in the line
graph that correspond to K3 versus K3, as these are the only nonisomorphic connected
graphs with isomorphic line graphs [Whi32].

Throughout we fix a graph G with vertex set {v1,...,v,} and work with B, (G) and its
underlying simple graph B, (G). Let

Q = {{vl}, {va}, ..., {’Un}}

be the singleton partition. We repeatedly use the double-edge characterization (Lemma 2.5):
an edge PP’ has multiplicity 2 if and only if, up to relabeling parts, one of P, P’ contains
{a,b} and () while the other contains {a} and {b} for some nonedge ab of G, and P, P’ agree
on all other parts.

6.1. Totally-doubled partitions. Before we are ready to construct L(G) from B (G),
we identify properties of the singleton partition and structurally similar partitions called
totally-doubled partitions.

Definition 6.1. A vertex P € V(B (Q)) is totally-doubled if every edge incident with P

has multiplicity 2. Let D(G) denote the set of totally-doubled partitions.
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The partition @ lies in D(G): every neighbor of @ is obtained by merging two singletons
{u},{v} with u » v, and by Lemma 2.5 such an edge has multiplicity 2.

Lemma 6.2. Let P € D(G). Then every nonempty part of P has size at most 2.

Proof. Suppose P has a part X with | X| > 3, and choose w € X. Since P has n parts and
| X| > 3, at least one part is empty. Move w from X into an empty part to obtain P’. Then
P’ is stable and P ~,, P'.

In this move, only w changes its part. By Lemma 2.5, however, an edge of multiplicity
2 requires toggling a pair {a, b} into singletons {a} and {b}, so two vertices change parts.
Thus PP’ has multiplicity 1, contradicting P € D(G). O

We now characterize the partitions in D(G) that maximize the degree in B, (G). Given
two distinct vertices v, w in a graph G, we say that u and w are dominating twins if
N(u) = N(w) = V(G) \ {u, w}.

By definition, u and w must be nonadjacent.
The following lemma shows that the totally-doubled vertices of maximum degree consist
only of singleton parts and pairs, where each pair is a dominating twin.

Lemma 6.3. Let P € D(G) be a vertex that mazimizes the degree in B,(G) among all
vertices in D(G). Write

P = {{U1}7 cee {UT}, {ul,w1}7 RS {u57w5}}’

where all nonempty parts have size 1 or 2. Then for each i, the vertices u; and w; are
dominating twins.

Proof. Since P is stable, u;w; ¢ E(G) for each 1.
Step 1 (dominance). Fix i and suppose there exists x € V(G) \ {u;, w;} with zu; ¢ E(QG)
and zw; ¢ E(G). Then {u;,w;, x} is stable. Let P’ be obtained from P by moving x into
the part {u;, w;}. Then P’ is stable and P ~, P’
Only = changes its part between P and P’, so the pattern from Lemma 2.5 does not occur.
Thus, PP’ has multiplicity 1, contradicting P € D(G). Hence
N(u;) UN(w;) = V(G) \ {us, w;}.
Step 2 (twins). Suppose there exists © € V(G) \ {u;, w;} with zu; € E(G) and zw; ¢ E(G).
We first describe the neighbors of P in B, (G). Since P € D(G), every incident edge has
multiplicity 2. By Lemma 2.5, any neighbor is obtained via one of the following operations:
(a) splitting a 2-element part {a,b}: replace {a,b} and an empty part by the singletons

{a} and {b};
(b) merging two singletons {a},{b} with ab ¢ E(G): replace them by {a,b} and an
empty part.

Define S(P) C E(G) as the set of nonedges ab of G such that either P contains the part
{a,b}, or P contains {a} and {b} as singleton parts. Then

degg, () (P) = [S(P)].
For @), every nonedge ab of G gives a neighbor @, obtained by merging {a} and {b}, so

degy, () (Q) = |E(G)].
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In P, the vertex w; lies in the part {u;,w;}, so w; is not a singleton, and {z,w;} is not a

part of P. Thus, zw; ¢ S(P), while zw; is a nonedge of G. Hence, |E(G)| > |S(P)|, and

degp, () (P) = [S(P)] < |E(G)| = degg, ()(Q),
contradicting the maximality of P in D(G). Therefore, no vertex is adjacent to exactly one
of u; and w;, and together with dominance we obtain

N(u;) = N(w;) = V(G) \ {us, w; }. O

We are now ready to show that maximum degree totally-doubled vertices are indistin-
guishable from the singleton partition in a Bell coloring multigraph in the following sense.

Lemma 6.4. Let P € D(G) have mazimum degree in B,(G) among all vertices in D(G).
Then there ezists an automorphism ¥ of B, (G) such that V(P) = Q.

Proof. By Lemmas 6.2 and 6.3 we may write
P = {{vl}, Ao {ug,wi b o {us, we b, empty parts},

where each pair {u;, w;} consists of (nonadjacent) dominating twins.

Let R be an arbitrary stable partition of V(G). Fix 1 < i < s. Since w; and w; are
adjacent to all vertices outside {u;, w;} and are nonadjacent to each other, they cannot share
a part with any other vertex. Thus, in R they appear either as a single part {u;, w;} or as
two singletons {u;}, {w;}.

Define an involution W on V(B (G)) by flipping all pairs simultaneously: given R,

o if {u;, w;} is a part of R, replace it by the singletons {u;} and {w;} in V(R);
o if {u;} and {w;} are singleton parts in R, replace them by the part {u;, w;} in V(R);
e leave all other parts unchanged.

The resulting partition W(R) is stable with n parts, and ¥ is an involution.

To see that W is an automorphism, let R ~, R'. If x ¢ {u;,w;} for all i, then the
configuration of each pair {u;, w;} is the same in R and R'; flipping all pairs in both partitions
does not affect the move at z, so V(R) ~, V(R') with the same multiplicity.

If x € {u;, w;}, say * = u;, then in any stable partition the only possible nontrivial move
of u; is to toggle the pair {u;, w;} between merged and split: u; cannot join any other part
because it is adjacent to all vertices outside {u;, w;}. Thus, R is obtained from R by such
a toggle, and by definition, the same toggle transforms W(R) into W(R'). Again adjacency
(and multiplicity) is preserved, so ¥ is an automorphism.

In P, each {u;, w;} is a 2-element part. Applying ¥ to P splits all these pairs and leaves
the singleton parts {v,} unchanged, so V(P) = Q. O

6.2. The neighborhood of the singleton partition. Having just determined how to
identify (up to automorphism) the singleton partition in the Bell multigraph, we prove that
the neighborhood of such a partition is the line graph of the base graph.

Proposition 6.5. The induced subgraph B,,(G)[N(Q)] is isomorphic to the line graph L(G).

Proof. Every neighbor of () is obtained by merging two singleton parts corresponding to a

nonedge of G: for uv € E(G) let @y, be the partition in which {u,v} is a part and all other
vertices are singletons. The map

B:N(Q = B@),  #(Qu)=w



is a bijection.

Two neighbors @Q,, and @, are adjacent in B,(G) if and only if they differ by a single
move. This occurs if and only if the pairs {u,v} and {z,y} intersect. If {u,v} N {z,y} # 0,
say v = y, then moving v from {u,v} to the singleton {z} transforms @, into Q.,, so
Quv ~v Qup. Conversely, any adjacency Quy ~uw Quy forces w € {u, v} N{z,y}. Thus, Qu,

and @, are adjacent exactly when the vertices uv and xy are adjacent in L(G), and hence

B.(G)IN(Q)] = L(G). u

6.3. Reconstruction from line graphs. We now complete the reconstruction of G. By
Lemma 6.4, we can identify the singleton partition ) up to automorphism. By Proposi-
tion 6.5, we can construct the line graph L(G). We then appeal to Whitney’s Isomorphism
Theorem [Whi32], which states that connected graphs with isomorphic line graphs are them-
selves isomorphic, with the single exception of the triangle K3 and the claw K 3; indeed,
L(K3) & L(K,3) & K. Thus, we can reconstruct G from L(G) uniquely, except when a

connected component of G is isomorphic to one of these two graphs.

Case 1: G component is K3 Case 2: G component is K3

.
I@Q@ .

FIGURE 15. The presence or absence of a common neighbor (., (distinct
from @) distinguishes the K3 case from the K 3 case.

o

The following lemma, whose main idea is illustrated in Figure 15 resolves this ambiguity
by examining the common neighbors of the corresponding triangles in B (G).
Lemma 6.6 (Distinguishing K3 and K;3). Let T be a triangle in B,(G)[N(Q)], identified

with a triangle in L(G) via Proposition 6.5.

(1) If T corresponds to a K3 component in G, then the vertices of T share a common
neighbor in B, (G) distinct from Q.
(2) If T corresponds to a K3 component in G, then Q is the unique common neighbor
of T in B, (G).
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Proof. (1) Suppose the component is a K3 on vertices {u,v,w}. Then {u,v,w} is an inde-
pendent set in GG. Consequently, the partition

Quow = {{u,v,w} U{{z} : 2 & {u,v,w}}

is stable. Observe that Q.. is adjacent to Qy, (via w), to Quy (via u), and to Q. (via v).
Since Qupw # @, the vertices of T' share a second common neighbor.

(2) Suppose the component is a K3 with edges ux, vz, wz. Then T' = {Quz, Qua, Qua -
Since K 3 is induced in G, the set {u,v,w} forms a clique in G. Furthermore, as this K 3
is a component of G, we have Ng(u) = V(G) \ {u,v,w,z}. Assume, to the contrary, that
T has a common neighbor R other than Q. Then K = {Quz, Que, Qus, R} forms a clique of
size 4 in B, (G).

We first rule out the possibility that I is a T-clique. By Theorem 3.8, any T-clique on
four vertices must contain a T-triangle. First, observe that Q.. — =z = Q — v = Q,, — ©.
Thus, the edge Q,.Q.. is realized by x. By symmetry, every edge in T is realized by z, so
T is an S-triangle, not a T-triangle.

Now, consider any other triangle in I, say {Quz, Quz, R}. The edge (@, connects a
partition containing {u, x} to one containing {v, z}. By Lemma 3.6, if this were a T-triangle,
the third partition R would require a non-singleton part {u,v}. However, uv is an edge in G
(as {u,v,w} is a clique), so {u,v} cannot be a part in a stable partition. Thus, K contains
no T-triangles, so K is not a T-clique.

Therefore, I must be an S-clique. By Lemma 3.2, there exists a unique anchor a such
that all edges in I are realized by a. Since Q,, and @Q,, differ only by the placement of
x, the anchor must be z. Since R is anchored at x, we have R —x = Quz —x = @ — .
This implies R consists of singletons on V' (G) \ {x}. The vertex x must be placed in a part
compatible with its neighbors in G. Since z is adjacent to all z ¢ {u,v,w}, x can only form
a part with subsets of {u,v,w}. Because {u,v,w} is a clique, at most one of these vertices
can share a part with z, so the only stable partitions of this form are

Q’ Qu1‘7 Q’U:E; wa .

Thus, R cannot be a new common neighbor, a contradiction. [

We are now ready to prove the main reconstruction result for Bell coloring multigraphs. As
mentioned in the introduction, a core of the graph G is the subgraph obtained by removing
all universal vertices (i.e., vertices of degree |V (G)| — 1).

Theorem 6.7. Suppose Gy and Gy are two graphs of orders ny and no, respectively. If
B (G1) = B,.(G2), then Gy and Gy have isomorphic cores.

Proof. We identify the set of totally-doubled partitions D(G) and locate the singleton parti-
tion @ as an element of maximum degree in D(G) (unique up to automorphism). The neigh-

borhood of @ in B, (G) is isomorphic to L(G) by Proposition 6.5. By Whitney’s theorem,
L(G) determines the components of G up to the isomorphism L(K3) = L(K, 3). Lemma 6.6
resolves this ambiguity by checking whether the associated triangle in B, (G)[N(Q)] has a
common neighbor distinct from Q; if it does, then that component of G is K3, and it is K; 3
otherwise (see Figure 15). Since isolated vertices in G do not appear in L(G), we reconstruct

G up to isolated vertices, or equivalently, G up to universal vertices. 0]
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