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Abstract The transport of active and passive particles plays central roles in diverse
biological phenomena and engineering applications. In this paper, we present a theo-
retical investigation of a system consisting of an active particle and a passive particle in
a confined micro-fluidic flow. The introduction of an external flow is found to induce
the capture of the passive particle by the active particle via long-range hydrodynamic
interactions among the particles. This hydrodynamic capture mechanism relies on an
attracting stable equilibrium configuration formed by the particles, which occurs when
the external flow intensity exceeds a certain threshold. We evaluate this threshold by
studying the stability of the equilibrium configurations analytically and numerically.
Furthermore, we study the dynamics of typical capture and non-capture events and
characterize the basins of attraction of the equilibrium configurations. Our findings
reveal a critical dependence of the hydrodynamic capture mechanism on the exter-
nal flow intensity. Through adjusting the external flow intensity across the stability
threshold, we demonstrate that the active particle can capture and release the passive
particle in a controllable manner. Such a capture-and-release mechanism is desirable
for biomedical applications such as the capture and release of therapeutic payloads by
synthetic micro-swimmers in targeted drug delivery.
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1 Introduction

The transport of particles in fluids is ubiquitous in nature and industry, from blood
cells in cardiovascular flows (Popel and Johnson 2005) to micro-particles and droplets
in micro-fluidic systems (Uspal and Doyle 2012a; Sarig et al. 2016; Uspal and Doyle
2012b; Shen et al. 2014, 2016). The dynamics of active particles in fluids (e.g.,
swimmingmicroorganisms and synthetic micro-swimmers) has attracted considerable
attention for its fundamental interests in understanding cell motility (Lauga and Pow-
ers 2009; Goldstein 2015), non-equilibrium dynamics (Ramaswamy 2010; Marchetti
et al. 2013), as well as its applications from biomedical (Nelson et al. 2010; Wang and
Gao 2012; Abdelmohsen et al. 2014) to environmental engineering (Gao and Wang
2014; Soler and Sanchez 2014). Hydrodynamic interactions between active particles
can lead to interesting nonlinear dynamics (Ishikawa et al. 2006; Kanso and Tsang
2015), and large-scale collective patterns can emerge in active suspensions as a result
(Dombrowski et al. 2004; Saintillan and Shelley 2008; Sanchez et al. 2012). It is
therefore of both fundamental importance and practical interests to characterize the
interactions of particles in flowing systems. Recently, the behaviors of syntheticmicro-
swimmers in environments similar to those bacteria inhabit as well as their response
to flow stimuli has been investigated (Katuri et al. 2016; Ren et al. 2017).

In addition to suspensions consisting of solely active particles or solely passive
particles, systems encompassing both active and passive particles can display inter-
esting dynamics distinct from purely active or passive systems (Takatori and Brady
2015; Aragones et al. 2016). These mixed systems have potential applications in self-
assembly of clusters of particles (Schwarz-Linek et al. 2012), phase segregation and
sorting of cells based on motility (Das et al. 2016; Wysocki et al. 2016), and the trans-
port of cargos bymicro-swimmers (Nelson et al. 2010; Pak et al. 2011; Gao et al. 2012;
Ren et al. 2017). These behaviors arise as a result of complex interactions between
the active and passive particles. For example, hydrodynamic interactions can lead to
assembly between active and passive particles (Krafnick and García 2015; Shklyaev
et al. 2017) as well as trapping of active particles around large passive colloids (Takagi
et al. 2014; Spagnolie et al. 2015). Assembly due to other interactions between active
and passive particles is also observed in nematic liquid crystals (Trivedi et al. 2015)
and electrokinetically driven systems (Wang et al. 2013).

While the interactions of active and passive particles in unbounded flows are rela-
tively well studied (Clift et al. 2005; Ishikawa et al. 2008; Saintillan and Shelley 2008;
Delmotte et al. 2015), confining boundaries are typical in realistic biological environ-
ments andmicro-fluidic applications.Recent efforts havebegun to investigate the effect
of geometric confinements on the dynamics of particles (Bricard et al. 2013; Ezhi-
lan and Saintillan 2015). Geometric confinement modifies a particle’s trajectory via
hydrodynamic interactions between the particle and the confining boundaries (Spag-
nolie and Lauga 2012; Contino et al. 2015), which often leads to oscillatory trajectories
upon the introduction of external fluid flows (Zöttl and Stark 2012; Uspal et al. 2013;
Mathijssen et al. 2016). At the population level, geometric confinement strongly influ-
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Fig. 1 aActive particle (red) and passive particle (blue) confined in a Hele-Shaw flow chamber. b Potential
dipoles induced by self-propulsion and external fluid flow (Color figure online)

ences the nature of hydrodynamic interactions among the particles in the suspensions,
which subsequently leads to distinct collective phenomena compared to unconfined
systems, including persistent directed motions (Bricard et al. 2013; Wioland et al.
2016), propagation of phonons in array of particles (Beatus et al. 2006, 2007; Tsang
et al. 2017), and the formation of density shock waves (Beatus et al. 2009; Lefauve and
Saintillan 2014; Tsang and Kanso 2016; Driscoll et al. 2017; Delmotte et al. 2017a, b).

We present in this paper a theoretical investigation of the hydrodynamic interaction
between an active particle and a passive particle in a strongly confined flow environ-
ment (a Hele-Shaw cell, see Fig. 1a). Unlike the far-field characteristics in unbounded
flows, where the flow disturbance of an active particle corresponds to a force-dipole
with its configuration depending on the propulsion mechanism (pushers vs. pullers),
the Hele-Shaw confinement induces distinct hydrodynamic signatures (Beatus et al.
2012; Desreumaux et al. 2012; Brotto et al. 2013; Lefauve and Saintillan 2014; Tsang
and Kanso 2014, 2015, 2016): the flow disturbance of both passive and active parti-
cles corresponds to potential dipoles in the quasi-2D flow environment. The potential
dipole induced by a passive particle points in a direction opposite to the external flow,
whereas an active particle induces a potential dipole along its propulsion direction,
regardless of the details of its propulsion mechanism (Fig. 1b).

Under such a Hele-Shaw confinement, we show that an external fluid flow can be
exploited to devise a novel mechanism to facilitate the capture and release of a passive
particle by an active particle via long-ranged hydrodynamic interactions. We present
a combined analytical and numerical study to examine in detail their dynamic interac-
tions in a confined fluid flow. This hydrodynamic capture-and-release mechanism is
controllable through adjusting the strength of the external flow,which offers a desirable
capability for applications such as the capture of passive drug-loaded nanoparticles by
syntheticmicro-swimmers and the subsequent release of the drug-loaded nanoparticles
at targeted sites (Nelson et al. 2010; Pak et al. 2011; Gao et al. 2012) .

This paper is organized as follows. We formulate in Sect. 2 the equations of motion
for the passive and active particles under an external flow in aHele-Shawcell. InSect. 3,
features of typical capture events are first described, followed by a detailed analysis
of the equilibrium configurations and their stability (Sect. 3.1). The influence of the
external flow intensity on the dynamics of the particles and the basins of attraction
for the capture events is investigated in Sects. 3.2 and 3.3, respectively. We then
demonstrate a novel capture-and-release mechanism in Sect. 3.4. Concluding remarks
are finally given in Sect. 4.
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2 Problem Formulation

We consider the interaction of an active particle and a passive particle confined in a
Hele-Shaw flow chamber, with the particles being far from the sidewalls, and thus
any effects from the sidewall boundaries are neglected. The active particle and the
passive particle are comparable in size and share the same effective radius a. The
channel height h is comparable to the size of the particles, i.e., h ∼ 2a. The height-
averaged flow is governed by the two-dimensional potential flow. Potential flow theory
can thus be applied to study the interactions of the particles in the complex plane
z = x + iy. We account for the leading-order dipolar flow disturbance created by
the active and passive particles, and neglect any higher-order flows. Although only
far-field hydrodynamic interactions are included in our study, such a description has
been shown effective in capturing experimental observations in the near field, even
when the particles touch each other (Fleury 2014; Shen et al. 2016). The error of the
dipole approximation for particles in near field has been discussed in detail in Beatus
et al. (2012), which showed that the approximation also captures qualitatively near-
field flows. We therefore employ the same approach as a first model to describe the
essential physics of our system.

Figure 2 depicts the schematic of the model. We denote the location of the active
particle by zm and the location of the passive particle by zn . The relative position of
the particles can be represented in polar coordinate defined by R and θ . The active
particle propels at a constant speed ofU and has an orientation denoted byα. The active
and passive particles are advected by uniform external flow V and the dipolar flow
disturbance created by each other. This advection depends on the particle geometric
properties (Beatus et al. 2012), given by the lumped motility coefficient µ, where 0 <

µ < 1. Further, the active particle re-orients according to the local flow gradient with a
signed rotational mobility coefficient ν, consistently with the classical Jeffery’s orbit.

Here, we consider two types of active particle with positive or negative ν. This
difference in sign of ν can be associated with particles having anisotropic geome-
tries (e.g., slender and bluff body Kanso and Tsang 2014) and isotropic particles
carrying internal polar structures (e.g.,“slip-stick” spheres Swan and Khair 2008;
Ramachandran and Khair 2009). Both types of active particle generate the same dipo-
lar disturbance during self-propulsion, but they differ in re-orientation mechanism in

Fig. 2 Schematic of the model.
The complex plane z = x + iy
and the polar coordinate system
(R, θ) defined by the relative
locations of the active (red) and
passive (blue) particles are
illustrated (Color figure online)
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response to local flow. Active particle with ν > 0 aligns to the local flow velocity
gradient along its propulsion direction, whereas active particle with ν < 0 re-orients
to the flow gradient in the direction transverse to its propulsion direction (Kanso and
Tsang 2014). This subtle difference in re-orientation mechanism has been shown to
result in different synchronization dynamics for interactions of a pair of each type of
active particles (Kanso and Tsang 2014). To this end, the governing equations of the
system are given by (Desreumaux et al. 2012; Kanso and Tsang 2015)

żn = µV + µwm(zn)+ s(zn − zm),

żm = Ue−iα + µV + µwn(zm)+ s(zm − zn),

α̇ = ν Re
[
ie2iα

dwn

dz

∣∣∣∣
z=zm

]

,

(1)

where (·) denotes the complex conjugate for (·), and Re denotes the real part of the
expression in the bracket. The conjugate dipolar flow velocity generated by the active
particle and the passive particle is given by

wm(z) =
a2[Ueiα + (µ − 1)V ]

(z − zm)2
, wn(z) =

a2(µ − 1)V
(z − zn)2

. (2)

We introduce a collision avoidance mechanism among the active particle and the
passive particle based on the rapidly decaying repulsive part of the Leonard-Jones
potential

s(z) = f0

(
2a
|z|

)13 z
|z| ,

(3)

where f0 is the repulsive strength of the steric interaction. This near-field interaction
decays rapidly outside a small excluded area centered around zn and zm . The rapid
decay ensures that the order of the far-field hydrodynamic interactions is preserved.

As a remark, active particles with head-tail asymmetric geometries re-orient in
response to local flows, in addition to local flow gradients as described in Eq. (1)
(Brotto et al. 2013; Lefauve and Saintillan 2014; Tsang and Kanso 2014, 2016).

3 Results and Discussion

Equations (1)–(3) form a closed system to describe the interactions of the particles
under an external flow, which are solved numerically to obtain their dynamics and
trajectories for a set of given initial conditions. Under the influence of an external flow,
we identify an interesting hydrodynamic capture phenomenon of a passive particle by
an active particle. We first describe the general features of these capture events here
before presenting amore detailed analysis of their dynamics and stability in subsequent
sections.

In typical capture events depicted in Fig. 3, the active (red) particle first approaches
and then interacts with the passive (blue) particle to form relative equilibrium con-
figurations. Depending on the sign of rotational mobility coefficient, the active and
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Fig. 3 Time-lapse of capture scenarios of a passive particle (blue) by an active particle (red). The orien-
tations of the active particles are indicated by the black arrows. The equilibrium configuration for the case
of a ν > 0 and b ν < 0 is different. For the case of a ν > 0, the active particle settles at the downstream
of the passive particle, whereas for the case of b ν < 0, the active particle settles at the upstream of the
passive particle. Parameter values are a ν = 0.5, θ(0) = −π/2, α(0) = π/2; b ν = −0.5, θ(0) = 3π/4,
α(0) = −π/4. In both cases, U = 1, a = 1, V = 20, µ = 0.5, R(0) = 15 (Color figure online)

passive particle assembly attains two opposite equilibrium configurations. For the case
of ν > 0, the active particle settles at a position at the upstream of the passive particle
(Fig. 3a), whereas for the case of ν < 0, the active particle settles at the downstream of
the passive particle (Fig. 3b). The equilibrium orientation of the active particle points
toward the passive particle in both cases.

3.1 Relative Equilibria and Stability Analysis

We show that the capture configurations actually correspond to a special solution set
of relative equilibria, which the active particle and passive particle move at the same
velocity and orientation for all time. That is, we look for solutions where zm − zn =
constant and α̇ = 0. To obtain the conditions that lead to this behavior, it is convenient
to introduce a relative coordinate β = zm − zn = Reiθ to represent R and θ (Fig. 2)
and rewrite the equations of motion (1)–(3) in terms of the relative coordinate as

β̇ = Ue−iα − µ
a2Ueiα

β2 + 2 f0(2a)13

(β2
x + β2

y )
7 β,

α̇ = νRe
[
2a2(1 − µ)V

β3 ie2iα
]
.

(4)
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Fig. 4 Trajectories for active
particles (red) with ν > 0 and
ν < 0 relative to the passive
particle (blue) are dynamically
equivalent when (α, θ) of the
active particles differ by values
of π (see “Appendix A”). For
active particle with ν > 0,
α = −π/4, θ = 3π/4, ν = 0.5,
whereas for active particle with
ν < 0, α = 3π/4, θ = −π/4,
ν = −0.5. In both cases, U = 1,
a = 1, V = 15, µ = 0.5,
R(0) = 10 (Color figure online)

ν > 0

ν < 0

α

α + π

One can verify that (β,α) = (−2a, 0) and (β,α) = (2a,π) are solutions for the
relative equilibria given a repulsive strength of f0 = (1/2 − µ/8)U in the steric
interaction. The equilibriumconfiguration (β,α) = (2a,π) corresponds to the capture
scenario shown in Fig. 3a for ν > 0, whereas the other equilibrium configuration
(β,α) = (−2a, 0) corresponds to the capture scenario shown in Fig. 3b for ν < 0.

Furthermore, it can be shown that the interaction between an active particle with
ν > 0 and a passive particle is dynamically equivalent to the case of an active particle
with ν < 0, upon the transformations θ → θ + π and α → α + π (see “Appendix
A”) as illustrated in Fig. 4. It is therefore sufficient to characterize the dynamics of the
system for only the case of ν > 0 hereafter.

We analyze the stability of the relative equilibria obtained above as a function
of external flow V , translational and rotational mobility coefficients, µ and ν, both
analytically and numerically. We perform a linear stability analysis of the solutions
by considering small perturbation δβx + iδβy , δα about the two solutions of relative
equilibria, (β,α) = (−2a, 0) and (β,α) = (2a,π). The linearized equations can be
written in matrix form as follows:

d
dt

⎛

⎝
δβx
δβy
δα

⎞

⎠ = M

⎛

⎝
δβx
δβy
δα

⎞

⎠ , (5)

where the Jacobian matrix M is given by

M =

⎛

⎜⎝
Re[∂β̇/∂βx ] Re[∂β̇/∂βy] Re[∂β̇/∂α]

− Im[∂β̇/∂βx ] − Im[∂β̇/∂βy] − Im[∂β̇/∂α]
∂α̇/∂βx ∂α̇/∂βy ∂α̇/∂α

⎞

⎟⎠ . (6)
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Here, the values of β and α in M are evaluated at the considered solutions of relative
equilibria. We solve (5) analytically and obtain the eigenvalues for the solutions of
relative equilibria. For the set of equilibria (β,α) = (−2a, 0),

λ1 =
− 52+ 11µ

8a
U,

λ2,3 =
1

16a

[
((µ+ 4)U − 4(µ − 1)νV )

±
√
(µ+ 4)2U 2 − 16(µ+ 4)(µ − 1)νUV + 16(µ − 1)2ν2V 2

]
,

(7)

while for the set of equilibria (β,α) = (2a,π),

λ1 =
− 52+ 11µ

8a
U,

λ2,3 =
1

16a

[
((µ+ 4)U + 4(µ − 1)νV )

±
√
(µ+ 4)2U 2 + 16(µ+ 4)(µ − 1)νUV + 16(µ − 1)2ν2V 2

]
.

(8)

Here, λ2 and λ3 correspond to the positive branches and negative branches of the above
expressions, respectively. For an active particle with a nonzero self-propelled speed,
the mode corresponding to λ1 is always stable as Re [λ1] < 0. However, the stability
of the modes corresponding to λ2 and λ3 depends on the values of µ, ν and V .

Wefirst fixµ and show that beyond a critical external flow intensity Vcrit , there exists
a linearly stable equilibrium configuration of the particles, i.e., Re [λi ] < 0 for all i
(i = 1, 2, 3). Fig. 5 depicts Re [λi ] as a function of V at the equilibrium configurations
(β,α) = (2a, 0) (Fig. 5a) and (β,α) = (2a,π) (Fig. 5b). The configuration (β,α) =
(2a, 0) is always unstable as Re [λ2] > 0 for all V , whereas the configuration (β,α) =

(a) (b)

Fig. 5 Real part of the eigenvalues λi (i = 1, 2, 3) obtained from linear stability analysis for the two
relative equilibria: a (β,α) = (−2a, 0) (given by (7)) and b (β,α) = (2a,π) (given by (8)), as a function
of the external flow intensity V . In both cases, U = 1, a = 1, µ = 0.5, ν = 0.5
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Fig. 6 Comparison of critical external flow intensity Vcrit obtained from analytical linear stability analysis
and fully nonlinear numerical simulations with random perturbations. a We fix µ = 0.5 and vary ν; b we
fix ν = 0.5 and vary µ. In both cases, U = 1, a = 1

(2a,π) is linearly stable when V > Vcrit . This result conforms with the equilibrium
capture configuration for ν > 0 depicted in Fig. 3a.

Next, we vary µ and ν to investigate the critical threshold of external flow intensity
Vcrit required for stable relative equilibria. We compare the results obtained from the
above linear stability analysis with solutions of Vcrit obtained from fully nonlinear
numerical simulations. The numerical Vcrit are obtained by integrating the nonlin-
ear equations (4). The initial conditions for the numerical simulations were obtained
by perturbing the position and orientation of the active particle about the equilib-
rium configuration (β,α) = (2a,π), where the perturbations were sampled from
uniformly random distribution ranging from (−0.01a, 0.01a) and (−0.01, 0.01) radi-
ans, respectively. Each simulation was run for a total of 100 time units, which is
sufficiently long for the evolution of the perturbations to unambiguously determine
the stability of the system. The system is considered as stable if (β,α) lies within
(2a±0.01a(1+ i),π ±0.01) at the end of the simulation. For each set of µ and ν, we
varied the external flow intensity V in discrete steps )V = 0.05. At each step of V ,
we run simulations for 10 times with different sets of random perturbations, and the
numerical Vcrit were obtained from the minimum V that gave stable relative equilibria
for all the 10 trials.

Figure 6 depicts the comparison of Vcrit obtained from the analytical and numerical
stability analysis described above, and we obtain good agreement on both. The value
of Vcrit increases with increased translational mobility coefficient µ (see Fig 6a), but
decreases with increased rotational mobility coefficient ν (see Fig 6b). This result can
be understood as follows. The stability of the equilibrium configurations, or equiv-
alently, the success of the capture, relies highly on the re-orientation ability of the
active particle in response to the flow created by the passive particle. The increase in
µ causes the active particle to be advected by the flow field more easily; therefore, the
active particle has less time to re-orient back to the equilibrium position, and foster
the instability. Alternatively, the increase in ν enhances the re-orientation ability of
the active particle, and therefore the active particle can re-orient fast enough to get
back to its equilibrium position.
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A few comments for the case U = 0 are in order. From (7) and (8), it is clear
that λ1 = 0 when U = 0. The relative equilibria in this case become degenerate,
and therefore are always unstable, irrespective to how strong the external flow is. This
indicates that the activity of the active particle is necessary for the capture of passive
particle to occur. More importantly, this result shows that the limit U → 0, which
approaches the interactions of two passive particles, is a singular limit. For a nonzero
U , no matter how small, there exists a Vcrit such that a stable relative equilibrium
exists. Interestingly, this stability dependence on U in our current system resonates
with the singular behavior observed in the propagation of transverse phonons in an
active particle lattice (Tsang et al. 2017), which shows the lattice is linearly unstable
for any values of U > 0, but remains linearly stable at U = 0. In both cases, the
systems with U → 0 do not show the same stability behavior at U = 0.

3.2 Dynamics of Particles Across the Stability Threshold

Here,we investigate in detail how the interaction dynamics of the active particle and the
passive particle changes when the external flow intensity V crosses over the stability
threshold Vcrit . We consider initial conditions with small perturbations from the equi-
librium capture configuration, (β,α) = (2a,π). Different trajectories are observed
when V increases, and are summarized in Fig. 7. When V is below the stability
threshold (V < Vcrit), the trajectories of the active and passive particles will oscillate
initially and eventually scatter off due to the instability of the capture configuration,
see Fig. 7a. Interesting periodic oscillatory dynamics is observed when V increases to
the stability threshold (V = Vcrit), see Fig. 7b. These periodic trajectories are found
numerically by adjusting the value of V iteratively with bisection method. When V
is slightly above the stability threshold (V > Vcrit), the trajectories follow decaying
oscillatory patterns, see Fig. 7c. If we increase V far beyond the stability threshold
(V ≫ Vcrit), we observe damping-like dynamics, i.e., the trajectories turn into straight
paths without oscillation, see Fig. 7d. Note that although we set R(0) = 2a for the
simulations, similar transitions in trajectories can be observed for larger R(0), but with
a different velocity threshold for the oscillatory patterns to occur.

3.3 Basins of Attraction

When the external flow V is larger than the threshold Vcrit , the equilibrium configu-
ration becomes an attracting mode. However, V > Vcrit only serves as the necessary
criterion for stable capture. The success of capture depends on the system parameters
and the initial conditions. In this section, we study the conditions of successful cap-
ture (i.e., the basin of attraction) for the case of ν > 0, which has a stable equilibrium
configuration as shown in Fig. 3a. Results for the other case (ν < 0) can be obtained
though the transformation described in Appendix A. Here, we fix µ = ν = 0.5 and
focus on studying the effects of the external flow intensity V and the initial conditions
of the particles (R(0), θ(0), α(0)) on the capture.

Wefirst consider the regionof successful capture by an active particlewithα(0) = π

as shown in Fig. 8a inset. We construct the R–θ phase diagram of capture (represented
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(a) (b)

(c) (d)

Fig. 7 The interaction between an active particle and a passive particle exhibits various types of trajectories
across increased external flow intensity: a scattering trajectories due to unstable capture for V below the
critical threshold, V = 4.5; b periodic oscillatory trajectories for V at the critical external flow velocity
threshold, Vcrit = 4.9822; c decaying oscillatory trajectories for V larger than the stability threshold,
V = 5.5; d damping-like trajectories for V far above the stability threshold, V = 10. For all cases, U = 1,
a =, µ = 0.5, ν = 0.5, R(0) = 2, θ(0) = 0.1π , α(0) = π

θ = 0

π/2

π

3π/2

θ = 0

π/2

π

3π/2

θ = 0

π/2

π

3π/2

V = 5 V = 10 V = 20

R = 20

α(0) = π

(a) (b) (c)

Fig. 8 R–θ phase diagrams for successful capture at different external flow intensities: a V = 5; b V = 10;
c V = 20. The inset in a shows the initial orientation of the active particle, α(0) = π . The white and black
spaces denote the regions for capture and non-capture, and the blue regions corresponds to where the active
and passive particles overlap and are therefore not considered. For all cases, U = 1, a = 1, µ = 0.5,
ν = 0.5 (Color figure online)
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(a) (b)

Fig. 9 R–θ phase diagrams for the cases of a α(0) = −2π/3 and b α(0) = −π/3 at V = 10. The
trajectories for capture and non-capture cases in the relative frame of reference are presented, with the
initial locations indicated at different positions of the phase space. For a α(0) = −2π/3: (i) 0.4π ; (ii)
0.399π ; (iii) 0.333π ; (iv) 0.246π ; (v) θ(0) = 0.245π , whereas for (b) α(0) = −π/3: (i) θ(0) = 0.667π ;
(ii) θ(0) = 0.617π ; (iii) θ(0) = 0.703π . For all cases, U = 1, a = 1, µ = 0.5, ν = 0.5. R(0) = 10

by the white region) and non-capture (represented by the black region) events in
Fig. 8 by performing a large set of numerical simulations at different initial locations
(R(0), θ(0)) surrounding the passive particle. In the stable equilibrium configuration
(Fig. 3a), the active particle resides on the right-hand side of the passive particle and the
capture region is therefore symmetric about θ = 0 as expected. The region of capture
increases when the external flow intensity increases from V = 5 in Fig. 8a to V = 10
and V = 20 in Fig. 8b, c, respectively. An increased external flow intensity induces
stronger dipolar flows around the active and passive particles, which strengthens the
hydrodynamic interaction and hence facilitates the capture process, as manifested by
the enlargement in the capture region.

The phase space largely depends on the propulsion direction of the active particle
α. For active particles with an initial propulsion direction α(0), we show that the
capture region lies along a direction θ = π + α(0), where the propulsion direction of
the active particle points directly to the center of the passive particle (see Appendix
B). As an illustration, for active particles with α(0) = −2π/3 as shown in Fig. 9a,
the capture region lies around θ = π + α(0) = π/3. We show the trajectory of the
active particle relative to the passive particle in typical capture (Fig. 9a: ii–iv) and
non-capture (Fig. 9a: i, v) events. Far away from the passive particle, the interaction
between the active and passive particles is weak and the active particle initially follows
straight paths for all cases. As the active particle approaches the passive particle, the
dipolar flow induced by the passive particle re-orients the active particle and alters its
trajectory. For an active particle located in the capture zone, even if it is off-set from
θ = π/3 (e.g., ii and iv), the active particle can make sharp turns to bend their paths
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toward the stable equilibrium configuration due to the interaction with the passive
particle. Outside the capture zone (e.g., i and v), the interaction is not sufficiently
strong to re-orient the active particle, which escapes from the passive particle with an
altered propulsion direction. The size of the capture region increases with the external
flow intensity and a value of V = 10 is chosen for illustration.

Next, we emphasize that although an active particle resides on the right-hand side
of the passive particle in the stable equilibrium configuration (Fig. 3a), capture can
occur even if the active particle is initially located on the opposite side (Fig. 9b). For
illustration, we consider the case of α(0) = −π/3 and construct the phase diagram
for capture (Fig. 9b: i) and non-capture (Fig. 9b: ii, iii) events. The capture zone is
smaller compared with the case of α(0) = −2π/3 in Fig. 9a as expected because more
re-orientation is required for the active particle to reach the equilibrium configuration
from the opposite side. There are also less qualitatively different modes of capture.
The trajectory of a typical capture event is shown in Fig. 9b: i, where the active particle
over-shoots from the equilibrium position, but the interaction with the passive particle
is sufficient in bringing the active particle back to the stable equilibrium position.
A neighboring active particle outside the capture zone (Fig. 9b: ii) displays similar
dynamics, however does not undergo sufficient re-orientation for a capture event.

The above results demonstrate how active particles with different propulsion direc-
tion α at various locations (R, θ) can capture the passive particle. We illustrate typical
capture and non-capture events and characterize the enlargement of the basins of
attraction by strengthening the external flow intensity V .

3.4 Controllable Capture and Release

The external flow intensity is critical in inducing hydrodynamic capture of the passive
particle by the active particle in two aspects. First, when the external flow intensity
exceeds the threshold Vcrit , the stability of the equilibrium configuration renders the
capturemechanism robust to noises. Second, the dependence of stability on the external
flow intensity can also be exploited to devise a capture-and-release mechanism of the
passive particle by the active particle. We further illustrate these two points below.

We first demonstrate the robustness of the hydrodynamic capture mechanism by
incorporating translational and rotational noises into our model. The noise terms
Dt (ξ + iη) and Re[Drζ ieiα] are, respectively, added to the translational and orienta-
tion equations in (1). Here, Dt and Dr are the translational and rotational diffusion
coefficients, respectively, and ξ , η, and ζ represent normal random variables with a
zero mean and a variance of unity. In Fig. 10, when a strong external flow is imposed
(V > Vcrit , e.g., V = 10), the active particle captures the passive particle under the
influence of noises (blue region in Fig. 10). The active and passive particles maintain
a stable assembly under the strong external flow.

Next, we demonstrate that a release process can be realized by reducing the external
flow intensity below the stability threshold (V < Vcrit , e.g., V = 4). As an illustration,
the external flow intensity is adjusted from V = 10 to V = 4 to induce the release
process in Fig. 10 (yellow region). The particle assembly becomes unstable, and any
physical noises can trigger the instability and hence particle separation.
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Fig. 10 Controllable capture and release of a passive particle by an active particle through tuning of
the external flow intensity V . In this example, the flow intensity threshold for stable capture is given by
Vcrit = 4.9822. The external flow intensity is set at V = 10 (V > Vcrit ) initially, from t = 0 to t = 200, to
induce the capture. The capture process is robust to physical noises (blue region). The release is followed
by reducing the flow intensity to V = 4 (V < Vcrit ), from t = 200 to t = 300. The physical noises trigger
the instability and lead to the release of the passive particle (yellow region). Parameters values are U = 1,
a = 1, µ = 0.5, ν = 0.5, Dt = Dr = 0.05, R(0) = 10, θ(0) = 2π/3, α(0) = −π/3 (Color figure online)

The above describes a simple, controllable capture-and-release mechanism that has
potential applications in dynamical self-assembly of active and passive colloids, and
the controlled capture and release of drug-loaded particles in targeted drug delivery.

4 Conclusion

In this paper, we examine the interactions between two particles (active and passive)
under an external flow in a Hele-Shaw confinement. Due to the quasi-2D confine-
ment and the presence of an external flow, the active and passive particles can be
described as interacting potential dipoles. The hydrodynamic interaction is found to
induce robust capture phenomenon of the passive particle by the active particle, when
the external flow intensity exceeds a threshold value.We predict this threshold via ana-
lytical linear stability analysis and fully nonlinear numerical simulations, followed by
illustrations of the detailed dynamics of typical capture and non-capture events. Fur-
thermore, the basins of attraction are characterized through phase diagrams of capture
and non-capture regions as a function of different system parameters. In general, the
capture region is enlarged by an increased external flow intensity, demonstrating the
effectiveness of the external flow in inducing hydrodynamic capture.

The critical dependence of this hydrodynamic capture mechanism on the external
flow intensity can be exploited to realize a controlled release of the passive particle, by
reducing the external flow intensity below the stability threshold. The control of capture
and release events by simply tuning the external flow intensity is a desirablemechanism
for biomedical applications such as the capture and delivery of drug-loaded particles
by synthetic micro-swimmers. While the maneuver of synthetic micro-swimmers to
targeted sites is possible (Nelson et al. 2010; Gao andWang 2014), the capture of cargo
largely relies on permanent magnetic attraction between the drug-loaded particles and
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magnetic micro-swimmers; hence, the controlled release of the cargo remains a chal-
lenge. Our fundamental study here inspires a simple, hydrodynamic-basedmechanism
to control the capture-and-release process in a confined flow environment.

We focus on a two-particle system in this work as a first step to elucidate the effect
of hydrodynamic interaction in a hybrid system of active and passive particles. Future
extensions of the current work can be pursued in several avenues. The same theoretical
framework allows the investigation of multiple interacting active and passive particles,
which are expected to have interesting equilibrium configurations and display even
richer dynamics during the assembly process. The effects of sidewall boundaries may
induce other novel dynamic behaviors (Beatus et al. 2007, 2009; Tsang and Kanso
2016). The effects of hydrodynamic interaction described here may also find potential
applications in the self-assembly and phase separation of suspension of active and
passive particles in confined micro-fluidic environments.
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Appendices

A Dynamic Equivalence for Opposite Rotational Mobilities

Here, we demonstrate via a transformation of coordinates, in the relative frame of
reference given by (4), the interaction between an active particle with ν > 0 and a
passive particle is dynamically equivalent to the interaction between an active particle
with ν < 0 and a passive particle. Namely, we start by considering the equations of
motion for the case of ν > 0, and show that the equations have the same form as for
the case of ν < 0 after the transformation. For convenience, we rewrite (4) for the
case of active particle with ν > 0 in polar coordinate, β = Reiθ ,

d
dt
(Re−iθ ) = Ue−iα − µ

a2Uei(α−2θ)

R2 + 2 f0(2a)13e−iθ

R13 ,

α̇ = |νo|Re
[
2a2(1 − µ)V

R3 iei(2α−3θ)
]
,

(9)

where we set ν = |νo| for the case of ν > 0 and ν = − |νo| for the case of ν < 0 .
We consider the transformation θ = θ∗ + π , α = α∗ + π . Direct substitution into (9)
gives

d
dt
(Re−iθ∗

) = Ue−iα∗ − µ
a2Uei(α

∗−2θ∗)

R2 + 2 f0(2a)13e−iθ∗

R13 ,

α̇∗ = − |νo|Re
[
2a2(1 − µ)V

R3 iei(2α
∗−3θ∗)

]
,

(10)

which take the same form as for the case of ν < 0. This indicates that the interaction
of an active particle with ν > 0 and a passive particle under the initial conditions
(R(0), θ(0),α(0)) = (Ro, θo+π,αo+π) is dynamically equivalent to the interaction
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Fig. 11 a The active particle points directly toward the passive particle when θ = π +α, which facilitates
the capture process. b–d θ–α phase diagrams for capture at different external flow intensities: b V = 5; c
V = 10; d V = 20. Parameter values are U = 1, a = 1, µ = 0.5, ν = 0.5, R(0) = 20. The white and
black spaces denote the regions for capture and non-capture, respectively. The dashed lines indicate the
parameter values for θ = π + α

of an active particle with ν < 0 and a passive particle under the initial conditions
(R(0), θ(0),α(0)) = (Ro, θo,αo).

B θ–α Phase Space for Capture and Non-capture Events

Figure 11 depicts the θ–α phase diagrams for capture and non-capture events for
different external flow intensities V . It is observed that capture region (represented by
the white space) lies along the line θ = π + α, which corresponds to the scenario of
an active particle with a propulsion direction pointing directly toward the center of the
passive particle. The capture region enlarges with an increased external flow intensity
V . When the external flow intensity is sufficiently high (Fig. 11d), we remark that
capture can occur for all θ for certain values of α, enhancing the capture process.
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