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Viscous Marangoni migration of a drop in a
Poiseuille flow at low surface Péclet numbers
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The motion of a spherical drop with a bulk-insoluble surfactant immersed in a
background flow in the limits of low surface Péclet number and low Reynolds
number is investigated. We develop a reciprocal theorem that applies to any prescribed
background flow and provide a specific example of an unbounded Poiseuille flow.
Analytical formulas for the migration velocity of the drop are obtained perturbatively
in powers of the surface Péclet number. We show that the redistribution of surfactant
due to the background flow acts to retard the motion of the drop, with the magnitude
of this slip velocity being independent of the drop’s position in the Poiseuille flow.
Moreover, a surfactant-induced cross-streamline migration of the drop occurs towards
the centre of the Poiseuille flow, with its magnitude depending linearly on the distance
of the drop from the centre of the Poiseuille flow.
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1. Introduction
The motion of drops and bubbles in fluid flows is a common feature of industrial

and naturally occurring flows with suspended particulates. Recently, understanding
the dynamics of drops in a carrier fluid has attracted considerable attention because
of its importance in different microfluidic applications (e.g. Di Carlo et al. 2007;
Baroud, Gallaire & Dangla 2010). Flow properties, including inertia, deformability of
interfaces and rheology, as well as other effects in the surrounding environments, such
as the presence of background flows and temperature distributions, have been shown to
influence the dynamics of drops (Leal 1980; Subramanian & Balasubramaniam 2001).

The low-Reynolds-number assumption, Re . 1, is common for the flow of a
high-viscosity liquid or small drops in microfluidic environments at sufficiently low
flow rates. In the limit of Re= 0 (Stokes flow), a non-deforming clean spherical drop
in a pressure-driven flow in a uniform channel moves only in the flow direction, with a
velocity slower than the unperturbed background velocity at the drop centre (Hetsroni
& Haber 1970). There can be no cross-streamline migration, i.e. motion transverse
to the flow direction, in the absence of inertia and deformation. However, it is now
well known that inertia and/or drop deformation cause cross-streamline migration,
which is useful for manipulating the positions of drops (e.g. Di Carlo et al. 2007).
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For instance, inertial effects cause a non-deforming spherical particle to migrate to
an equilibrium position between the centreline and the wall of the channel regardless
of its initial position (Segre & Silberberg 1962a,b; Cox & Brenner 1968; Ho & Leal
1974; Schonberg & Hinch 1989), whereas a deforming drop in the absence of inertial
effects is predicted to migrate towards the centreline of the channel or the nearest
wall, depending on the viscosity ratio (Chaffey, Brenner & Mason 1965; Wohl &
Rubinow 1974; Chan & Leal 1979). More complicated behaviours can occur when
the fluid medium is viscoelastic (Chan & Leal 1977, 1979).

Most multiphase fluid systems contain surfactants, which are typically present in
the form of contaminants, impurities or additives. Surfactants are surface-active agents
that adsorb at interfaces and lower the interfacial tension. Therefore, a non-uniform
distribution of surfactants at the interface leads to interfacial tension gradients, which
drive a flow in the surrounding fluid in order to maintain the balance of interfacial
stresses. The induced fluid flow is known as a Marangoni flow (Young, Goldstein
& Block 1959; Levich 1962), which can also cause a force-free object to migrate
(Subramanian & Balasubramaniam 2001; Lauga & Davis 2012). A recent experiment
suggests that the effects of surfactants may be important for the cross-streamline
migration of drops observed in microfluidic channels (Stan et al. 2013).

In some situations, we can imagine that a non-uniform distribution of surfactants
can be generated in a prescribed manner, similar to the strategy exploited by some
surfactant-releasing insects for propulsion on the water surface (Bush & Hu 2006).
For a buoyant bubble (or drop), if the interface is contaminated with surfactants, the
rising motion of the bubble sweeps surfactant from the front of the bubble to the rear.
The resulting surfactant gradients reduce the bubble’s rise velocity (Levich 1962).
A recent study reported that a perturbation of bubble concentration in a suspension
can grow due to lateral motions of surfactant-contaminated bubbles caused by this
Marangoni effect (Narsimhan & Shaqfeh 2010). A gradient of interfacial stresses can
also be caused by the presence of background flows, which redistribute the adsorbed
surfactants at the interface, hence leading to a surfactant-induced migration. The
literature on such movements is limited and the effect of surfactants on the motion
of a drop in a background flow requires further investigation (e.g. Borhan & Mao
1992; Johnson & Borhan 1999). Recently, Hanna & Vlahovska (2010) studied the
surfactant-induced migration of a non-deforming spherical drop in an unbounded
Poiseuille flow in the limits of large Marangoni number and large viscosity ratio;
they found that surfactant redistribution can cause a cross-streamline migration of the
drop towards the centre of the Poiseuille flow.

A non-diffusing surfactant was assumed in the study by Hanna & Vlahovska (2010).
In this paper, we analyse the problem in the other limit, where diffusion dominates
the surfactant transport process, i.e. the limit of low surface Péclet number. We utilize
a reciprocal theorem approach (Happel & Brenner 1973), which is an alternative tool
that bypasses detailed calculations of the full flow problem and has been shown
to be useful in studying particle motion in a viscous fluid (Leal 1980), swimming
microorganisms (Stone & Samuel 1996) and Marangoni migration (Nadim, Haj-Hariri
& Borhan 1990; Masoud & Stone 2014).

2. Problem statement

We consider the motion of a neutrally buoyant Newtonian liquid drop of
undeformed radius a and viscosity λµ, suspended in a second Newtonian fluid
with viscosity µ; here λ is the viscosity ratio of the drop fluid to the suspending
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FIGURE 1. (Colour online) Notation and geometrical set-up of the problem. All variables
in the figure are dimensionless; length variables are non-dimensionalized by the radius of
the drop, a, and velocity variables are non-dimensionalized by the velocity at the centre
of the cylindrical Poiseuille flow, Ub.

fluid. Far from the drop, the suspending fluid undergoes a prescribed background flow
characterized by a velocity scale Ub. On a plane containing the centre of the drop,
we define a Cartesian coordinate system located at the drop centre, with z being the
flow direction, x being the direction normal to the flow direction on the plane and y
being the out-of-plane direction (see figure 1). The interfacial tension of the drop is
affected by the presence of an adsorbed surfactant, which is assumed to be insoluble
in either of the bulk phases so that it resides only at the fluid–fluid interface. The
dimensional interfacial tension, γ ∗, is assumed to follow a linear relationship with
the dimensional surfactant concentration, Γ ∗, given by γ ∗ = γc − RTΓ ∗, where γc is
the interfacial tension when the interface is clean, R is the gas constant and T is the
absolute temperature. The linear relationship holds when the surfactant concentration
is sufficiently dilute (Pawar & Stebe 1996; Adamson & Gast 1997). We assume that
the Reynolds numbers in both fluids are sufficiently small so that inertia may be
neglected completely, and we further assume that the capillary number µUb/γc is
small enough for the drop to maintain a spherical shape.

We non-dimensionalize lengths by the drop radius a, velocities by the characteristic
velocity scale of the background flow, Ub, and surfactant concentration by its
equilibrium value when the distribution is uniform, Γeq. The pressure and stress
fields outside and inside the drop are made dimensionless, respectively, by the scales
µUb/a and λµUb/a. All variables hereafter are dimensionless unless otherwise stated.
The velocity and pressure fields outside the drop, (v, p), and inside the drop, (ṽ, p̃),
satisfy the Stokes and continuity equations

∇p=∇2v, ∇ · v = 0, (2.1a)
∇p̃=∇2ṽ, ∇ · ṽ = 0. (2.1b)

The velocity field far from the drop approaches the undisturbed spatially varying
background flow, v∞:

v(r→∞)= v∞, (2.2)
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which, together with the undisturbed pressure field p∞, also satisfies the Stokes
equations.

At the interface (r= 1), we have the kinematic boundary conditions

v = ṽ, (2.3a)
n · v = n ·U, (2.3b)

where U is the velocity of the drop and n= er is the unit outward normal vector on
the spherical drop surface. The dimensionless tangential stress balance on the interface
is given by

n · (σ − λσ̃ ) · (I − nn)=Ma∇sΓ, (2.4)

where ∇s = (I − nn) · ∇ is the surface gradient operator, Γ is the dimensionless
surfactant concentration, and the stress fields outside and inside the drop are denoted,
respectively, by σ and σ̃ . The linear relationship between the interfacial tension and
the surfactant concentration has been used to relate their gradients in (2.4), and we
have defined the Marangoni number

Ma= RTΓeq

µUb
, (2.5)

which compares the stress induced by surfactant concentration gradients to the viscous
stress.

The surfactant transport is governed by a convection–diffusion equation on the drop
surface (e.g. Stone 1990). Here we consider a quasi-steady-state approximation to
make analytical progress (e.g. Hanna & Vlahovska 2010), leading to the dimensionless
transport equation

Pes [∇s · (Γ vs)+ Γ (v · n)∇s · n]=∇2
s Γ, (2.6)

where vs is the velocity component tangential to the drop surface. Also,

Pes = aUb

Ds
(2.7)

is the surface Péclet number measuring the importance of convection relative to
diffusion, where Ds is the dimensional surface-diffusion constant of the surfactant.
The first term on the left-hand side and the term on the right-hand side of (2.6)
represent, respectively, the convective and diffusive contributions to the surfactant
transport, and the second term on the left-hand side is a source-like contribution
accounting for variation in surfactant concentration resulting from local changes in
interfacial area (Stone 1990).

We approach the problem in a reference frame moving with the yet-to-be-
determined velocity of the drop, U, in which the drop appears to be stationary.
In this moving frame, the velocity fields are given by (u, ũ)= (v−U, ṽ−U), which
satisfy the Stokes and continuity equations

∇p=∇2u, ∇ · u= 0, (2.8a)
∇p̃=∇2ũ, ∇ · ũ= 0. (2.8b)

In the far-field (r→∞), the velocity approaches

u(r→∞)= u∞ = v∞ −U. (2.9)
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At the interface, the kinematic boundary conditions are now

u = ũ, (2.10a)
n · u = 0, (2.10b)

while the tangential stress balance takes the same form as in (2.4) because the stress
fields and the surfactant concentration on the drop surface remain the same in both
the laboratory and moving frames. Since the surface of the drop is fixed in space
in this moving frame, so that (2.10b) holds, the quasi-steady-state surfactant transport
equation (2.6) simplifies to

Pes∇s · (Γ us)=∇2
s Γ, (2.11)

where us is the velocity tangential to the drop surface in the moving frame.
We note that the velocity U of the drop, which appears in (2.9), is an unknown here

and is the focus of this paper. We present in the next section a reciprocal theorem
approach to deriving a general analytical expression for U as a function of Pes
and Ma.

3. A reciprocal theorem approach
3.1. General analysis

For convenience of analysis using the reciprocal theorem, we define the disturbance
flows in the suspending fluid (u′) and in the drop fluid (ũ′) relative to the far-field
velocity (2.9) in the moving frame as

u′ = u− u∞, (3.1a)
ũ′ = ũ− u∞. (3.1b)

In the far field, the disturbance flow decays to zero:

u′(r→∞)= 0. (3.2)

The kinematic boundary conditions (2.10) in terms of the disturbance flows are given
by

u′ = ũ′, (3.3a)
n · u′ = −n · u∞. (3.3b)

Let σ ′ and σ̃ ′ denote, respectively, the stress fields of the disturbance flows outside
and inside the drop, and let σ∞ be the stress field associated with the background
flow, u∞. In terms of the disturbance stress fields, the tangential stress balance (2.4)
is then given by

n · (σ ′ − λσ̃ ′) · (I − nn)= (λ− 1)n · σ∞ · (I − nn)+Ma∇sΓ. (3.4)

Next, consider an auxiliary problem of a uniform flow Uaux past a stationary and
clean spherical drop (the Hadamard–Rybczynski problem). Denote the velocity and
stress fields outside and inside the drop by (uaux, σaux) and (ũaux, σ̃aux), respectively.
Since the auxiliary problem and the disturbance flows in our main problem,
(u′, σ ′) and (ũ′, σ̃ ′), satisfy the Stokes equations, we can follow the usual steps
(Happel & Brenner 1973; Rallison 1978; Leal 1980; Nadim et al. 1990) and construct
a reciprocal theorem outside the drop,∫

∞
n · σ ′ · uaux dS−

∫
S

n · σ ′ · uaux dS=
∫
∞

n · σaux · u′ dS−
∫

S
n · σaux · u′ dS, (3.5)
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and inside the drop, ∫
S

n · σ̃ ′ · ũaux dS=
∫

S
n · σ̃aux · ũ′ dS, (3.6)

where S is the surface of the spherical drop, ∞ indicates a spherical surface in the
far field, and n= er is the unit vector in the radial direction.

For the reciprocal theorem outside the drop, (3.5), in the first integral on the left-
hand side we have uaux=Uaux at infinity, which can be brought outside of the integral
(i.e.

∫
∞ n · σ ′ · uaux dS=Uaux ·

∫
∞ n · σ ′ dS= 0); the integral vanishes because the drop

is force-free, i.e.
∫
∞ n ·σ ′ dS=0. The first integral on the right-hand side also vanishes

because the product of the disturbance flow and the stress field of the auxiliary flow
decays faster than 1/r2 at infinity, leaving (3.5) as∫

S
n · σ ′ · uaux dS=

∫
S

n · σaux · u′ dS. (3.7)

Multiplying (3.6) by λ and subtracting the product from (3.7), we obtain∫
S

n · (σ ′ − λσ̃ ′) · uaux dS=
∫

S
n · (σaux − λσaux) · u′ dS. (3.8)

Note that on the left-hand side of (3.8), uaux is purely tangential on S, and hence
we can apply the tangential stress balance (3.4) to the integrand. In addition, on the
right-hand side of (3.8), we decompose the surface velocity into components tangential
and normal to the surface, u′ = t(t · u′)+ n(n · u′), which leads to∫

S

[
(λ− 1)n · σ∞ · (I − nn)+Ma∇sΓ

]
· uaux dS

=
∫

S
n · (σaux − λσ̃aux) ·

[
t(t · u′)+ n(n · u′)

]
dS. (3.9)

The integrand associated with the tangential component of u′ vanishes because of the
tangential stress balance on a clean drop, n · (σaux−λσ̃aux) · t= 0. We are therefore left
with only the normal component in the integrand, n(n ·u′), and we apply the boundary
condition (3.3b), n · u′ =−n · u∞, to obtain∫

S
[(λ− 1)n · σ∞ · (I − nn)+Ma∇sΓ ] · uaux dS

=−
∫

S
n · (σaux − λσ̃aux) · n(n · u∞) dS. (3.10)

Substituting the known auxiliary solution to the Hadamard–Rybczynski problem
(see appendix A) into (3.10), we obtain∫

S

[
(λ− 1)n · σ∞ · (I − nn)+Ma∇sΓ

]
dS=−

∫
S

3(3λ+ 2)n(n · u∞) dS. (3.11)

We then construct a Taylor series about the origin for the background flow fields
in (3.11). Odd terms in the series result in integrals over a spherical surface such
as
∫

S n dS and
∫

S nnn dS, which vanish by symmetry, and even terms containing
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∇4u∞(0), ∇6u∞(0) etc. vanish because of the harmonic requirement of the Stokes
equations. Therefore, only a few terms survive the integration (Nadim et al. 1990),
which results in

0= u∞(0)+ λ

2(3λ+ 2)
∇2u∞(0)+ Ma

4π(3λ+ 2)

∫
S
∇sΓ dS. (3.12)

With the definition in (2.9), u∞= v∞−U, we can rewrite (3.12) to obtain the velocity
of the drop as

U = v∞(0)+ λ

2(3λ+ 2)
∇2v∞(0)+ Ma

4π(3λ+ 2)

∫
S
∇sΓ dS. (3.13)

For a clean drop (∇sΓ = 0), (3.13) reduces to Faxén’s law for a spherical drop
(Hetsroni & Haber 1970; Rallison 1978). Equation (3.13) is essentially a linear
combination of two distinct results obtained by Nadim et al. (1990), where Faxén’s
law and surface-driven migration are considered separately.

3.2. Representation in spherical harmonics
We can represent the dimensionless surfactant concentration Γ in terms of spherical
harmonics (e.g. Hanna & Vlahovska 2010). Since Γ is a real quantity, we employ a
real basis of spherical harmonics:

Γ = 1+
∞∑

n=1

n∑
m=−n

gn,mYm
n (θ, φ), (3.14)

where the gn,m are coefficients of different modes of the spherical harmonics Ym
n ,

which are defined as (Chisholm 1976)

Ym
n (θ, φ)=


√

2 km
n Pm

n (cos θ) cos mφ if m> 0,

k0
nP0

n(cos θ) if m= 0,√
2 k|m|n P|m|n (cos θ) sin |m|φ if m< 0.

(3.15)

Here Pm
n (cos θ) are the associated Legendre polynomials of degree n and order m, and

the normalization constants are given by

km
n =

√
(2n+ 1)(n−m)!

4π(n+m)! . (3.16)

By direct integration, it can be shown that only three modes in (3.14),
(g1,1, g1,−1, g1,0), contribute to the integral:∫

∇sΓ dS= 4
√

π

3

(−g1,1ex − g1,−1ey + g1,0ez
)
. (3.17)

Using this mathematical result, the velocity (3.13) is then given by

U = v∞(0)+ λ

2(3λ+ 2)
∇2v∞(0)+ Ma√

3π(3λ+ 2)

(−g1,1ex − g1,−1ey + g1,0ez
)
, (3.18)
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FIGURE 2. (Colour online) Variation in surfactant concentration corresponding to the g1,0
mode (see (3.14)), which leads to drop migration in the z direction according to (3.18);
the pattern shown is a normalized spherical harmonic, Y0

1/k
0
1 = cos θ , defined in (3.15).

The dashed arrow indicates the migration direction.

which agrees with the general result obtained by Hanna & Vlahovska (2010) using a
different approach that involves calculation of the detailed flow fields.

It is instructive to visualize the surfactant distributions corresponding to the
three modes leading to drop migration. The variation in surfactant concentration
associated with the g1,0 mode is shown in figure 2. The surfactant distribution is
more concentrated on one end than the other, generating surfactant gradients that
cause drop migration in the z direction, as indicated by the dashed arrow. The
patterns of surfactant distribution corresponding to the g1,1 and g1,−1 modes are
exactly the same but oriented only along the x- and y-axes, respectively, leading to
drop migration along these corresponding axes.

The coefficients gn,m in (3.18) have to be determined by solving the surfactant
transport equation (2.11). The full problem is usually tractable only numerically due
to the coupling between surfactant transport and fluid motion. For example, Hanna
& Vlahovska (2010) made analytical progress by considering the asymptotic limits
of large Marangoni number and large viscosity ratio, while assuming a non-diffusing
surfactant, i.e. Pes = ∞. In this paper, we analyse the problem in the other limit,
where diffusion dominates, i.e. the limit of low surface Péclet number, Pes� 1.

The above results and the method presented in this paper apply to any prescribed
background flow v∞. Next, we focus on a specific example of a drop immersed in an
unbounded cylindrical Poiseuille flow. In a spherical coordinate system centred at the
centre of the drop, the undisturbed flow is given by

v∞ =
[

1−
(

r
R0

)2

sin2 θ −
(

b
R0

)2

− 2rb
R2

0
sin θ cos φ

]
ez, (3.19)

where the velocity field is made dimensionless by scaling it with the characteristic
flow speed Ub, which is at a dimensionless distance b from the drop, and R0 is the
dimensionless distance to the point of zero velocity of the flow (all lengths are scaled
by the drop radius a); see figure 1 for the notation used.

4. Surfactant-induced migration for Pes� 1

With the expression (3.18) from the last section derived using the reciprocal
theorem, we analyse the problem defined by (2.8)–(2.11) perturbatively in the limit of
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low surface Péclet number. The velocity and pressure fields, surfactant concentration
and migration velocity are expanded in a regular perturbation expansion in the surface
Péclet number, i.e.

[u, ũ, p, p̃, Γ,U] = [u0, ũ0, p0, p̃0, Γ0,U0] + Pes[u0, ũ1, p1, p̃1, Γ1,U1] +O(Pe2
s ). (4.1)

The zeroth-order surfactant transport equation (2.11) is given simply by

∇2
s Γ0 = 0, (4.2)

which implies a uniform surfactant concentration Γ0 = 1. Since there is no surfactant
concentration gradient (∇sΓ0 = 0), the velocity fields at this order (u0) are equivalent
to those in the case of a clean spherical drop migrating in a background flow, with
the solution given by Hetsroni & Haber (1970) and Nadim & Stone (1991) (see
appendix B). There is no surfactant-induced migration at this order as expected, and
the velocity of the drop at this order reduces to that given by Faxén’s law, (3.13).
For an unbounded Poiseuille flow (3.19), the zeroth-order dimensionless migration
velocity is given by

U0 = v∞(0)+ λ

2(3λ+ 2)
∇2v∞(0)=

[
1−

(
b
R0

)2

− 2λ
(3λ+ 2)R2

0

]
ez. (4.3)

4.1. First-order correction
The first-order pressure and velocity fields satisfy the Stokes and continuity equations

∇p1 =∇2u1, ∇ · u1 = 0, (4.4a)
∇p̃1 =∇2ũ1, ∇ · ũ1 = 0. (4.4b)

The far-field velocity approaches the uniform flow

u1(r→∞)=−U1, (4.5)

where U1 is as yet unknown. At the interface (r = 1), the kinematic boundary
conditions are

u1 = ũ1, (4.6a)
n · u1 = 0, (4.6b)

and the tangential stress balance is given by

n · (σ1 − λσ̃1) · (I − nn)=Ma∇sΓ1. (4.7)

The first-order surfactant transport equation is

∇2
s Γ1 =∇s · u0s, (4.8)

where u0s is the zeroth-order tangential velocity component on the drop surface. In
order to obtain the first-order surfactant concentration Γ1, we express Γ1 in terms of
spherical harmonics,

Γ1 =
∞∑

n=1

n∑
m=−n

g(1)n,mYm
n . (4.9)
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Using the property that ∇2
s Γ1=−

∑∞
n=1

∑n
m=−n n(n+1)g(1)n,mYm

n , the coefficients g(1)n,m can
be determined readily by projecting ∇s · u0s onto the basis of spherical harmonics:

g(1)n,m =−
1

n(n+ 1)

∫ 2π

0

∫ π

0
(∇s · u0s) Ym

n sin θ dθ dφ. (4.10)

Upon performing the projections, the first-order surfactant concentration can be found
as

Γ1(θ, φ)= 1
R2

0

[
− 2

3λ+ 2
P0

1(cos θ)+ 1
6(λ+ 1)

P0
3(cos θ)+ b

3(λ+ 1)
P1

2(cos θ) cos φ
]
.

(4.11)

Indeed, from the result of the reciprocal theorem (3.18), a full calculation of Γ1 is
unnecessary and we need only compute three projections for the coefficients g(1)1,1, g(1)1,−1

and g(1)1,−1 in order to calculate the surfactant-induced migration velocity at this order,

U1 = Ma
4π(3λ+ 2)

∫
S
∇sΓ1 dS= Ma√

3π(3λ+ 2)

(
−g(1)1,1ex − g(1)1,−1ey + g(1)1,0ez

)
. (4.12)

By using the reciprocal theorem, we have also bypassed the detailed calculation of
solving for the first-order problem (u1 and p1) and yet are still able to obtain the
first-order migration velocity of the drop.

The zeroth-order tangential velocity on the surface in the unbounded Poiseuille flow
given by (3.19), us0, is computed using the results of Hetsroni & Haber (1970) and
Nadim & Stone (1991). Performing the three required projections in (4.10), we find
that

g(1)1,1 = g(1)1,−1 = 0, g(1)1,0 =−4
√

π

3
1

(3λ+ 2)R2
0
. (4.13a,b)

Therefore, by (4.12), the first-order surfactant-induced migration velocity of a spherical
drop in a Poiseuille flow is given by

U1 =− 4 Ma
3(3λ+ 2)2R2

0
ez, (4.14)

We note that, by symmetry, there is no velocity component in the y direction.
The leading-order effect of the surfactant redistribution causes a slip velocity of

the drop in the flow direction, resulting in a slower drop speed compared with the
case when the interface is clean, (4.3). The magnitude of this slip velocity (4.14)
is independent of b, the position of the drop in the Poiseuille flow. This result has
the same qualitative feature as the surfactant-reduced rise speed of a buoyant drop
(Levich 1962).

4.2. Second-order correction
Similar to the first-order calculation, using the result from the reciprocal theorem
(3.13), we can compute the second-order migration velocity of the drop as

U2 = Ma
4π(3λ+ 2)

∫
S
∇sΓ2 dS. (4.15)
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As above, we can proceed without solving the full second-order problem, only
requiring the surfactant concentration at this order, Γ2, which is governed by the
second-order surfactant transport equation

∇2
s Γ2 =∇s · (Γ0us1 + Γ1us0). (4.16)

However, since us1 is involved in (4.16), we are required to solve the first-order
problem (4.4)–(4.7) for the velocity field u1 and ũ1 in order to compute the
second-order migration velocity. With U1 already determined in (4.14), the first-order
problem may be solved by using the general velocity and pressure representation
in Stokes flows obtained by Palaniappan et al. (1992), which can be shown to be
equivalent to Lamb’s general solution. Choudhuri & Raja Sekhar (2013) implemented
this method to study the thermocapillary motion of a viscous drop, and we follow a
similar approach to calculate the first-order velocity fields u1 and ũ1 (see appendix C).

With the non-homogeneous terms in (4.16) determined, we solve the equation for
Γ2 in a similar fashion to § 4.1. We express Γ2 in terms of spherical harmonics, Γ2=∑∞

n=1

∑n
m=−n g(2)n,mYm

n , and the coefficients can be obtained by

g(2)n,m =−
1

n(n+ 1)

∫ 2π

0

∫ π

0
∇s · (us1 + Γ1us0)Ym

n sin θ dθ dφ. (4.17)

In this way, by (3.18), the second-order migration velocity of the drop is given by

U2 = Ma√
3π(3λ+ 2)

(
−g(2)1,1ex − g(2)1,−1ey + g(2)1,0ez

)
, (4.18)

and therefore only three projections for g(2)1,1, g(2)1,−1 and g(2)1,0 are required. For an
unbounded Poiseuille flow, the coefficients of the modes contributing to the migration
velocity are calculated from (4.17) as

g(2)1,1 =
√

π

3
(40+ 109λ+ 70λ2)b
35(1+ λ)2(3λ+ 2)R4

0
, g(2)1,−1 = 0, g(2)1,0 = 4

√
π

3
Ma

(3λ+ 2)2R2
0
. (4.19a–c)

For completeness, the full expression for Γ2 is given in appendix D, and visualizations
of Γ1 and Γ2 are provided in figure 3.

The second-order surfactant-induced migration velocity of the drop is therefore

U2 =−Ma (40+ 109λ+ 70λ2)b
105(1+ λ)2(3λ+ 2)2R4

0
ex + 4 Ma2

3(3λ+ 2)3R2
0

ez. (4.20)

As expected by symmetry, there is no migration velocity in the y direction. We find
a further correction to the slip velocity along the flow direction (the z direction), and
its magnitude is again independent of the position of the drop in the Poiseuille flow.
Most significantly, a cross-streamline migration velocity (in the x direction) transverse
to the flow occurs at this order. The magnitude of the cross-streamline velocity
depends linearly on the distance b of the drop from the centre of the Poiseuille flow.
This transverse migration is directed towards the centre of the Poiseuille flow for all
values of λ.
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FIGURE 3. (Colour online) Patterns of (a) first-order surfactant distribution, Γ1, and
(b) second-order surfactant distribution, Γ2, for different distances from the centre of the
Poiseuille flow, b, with R0 = 5, λ = 2 and Ma = 1. The colour represents the surfactant
concentration, with red and blue corresponding to the maximum (Γmax) and minimum
(Γmin) numerical values of the concentration in each distribution.

5. Summary and discussion
In this paper, we have presented a general analysis of the motion of a spherical

drop with a bulk-insoluble surfactant that is applicable to any prescribed background
flow. Following a similar procedure, it can also be shown that for a linear shear flow,
there is no correction in migration speed at O(Pes) and O(Pe2

s ). The drop moves with
the velocity of the background flow at the drop centre, the same velocity as a clean
drop to this order of approximation.

For an unbounded cylindrical Poiseuille flow, the migration velocity of a force-free
drop is calculated as

U = U0 + PesU1 + Pe2
s U2 +O(Pe3

s )

=
[

1−
(

b
R0

)2

− 2λ
(3λ+ 2)R2

0
− Pes

4 Ma
3(3λ+ 2)2R2

0

(
1− Pes

Ma
3λ+ 2

)]
ez

− Pe2
s

Ma (40+ 109λ+ 70λ2)b
105(1+ λ)2(3λ+ 2)2R4

0
ex +O(Pe3

s ). (5.1)

At leading order, we recover the case of a clean drop in an unbounded Poiseuille
flow (characterized by the velocity scale Ub). From (5.1), we see that the dimensional
zeroth-order migration velocity U∗0 scales linearly with the background flow,
U∗0 = U0Ub ∝ Ub, as expected by symmetry, because a reversal of the background
flow direction (Ub→−Ub) should change the sign of the migration velocity.

For the first-order correction in (5.1), we also find a linear dependence on the
dimensional slip velocity of the drop, U∗1 = PesU1Ub ∝ PesMa Ub ∝ Ub, because the
product PesMa is independent of Ub, which again satisfies the symmetry requirement.
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By a similar argument, it may be expected that no cross-streamline migration (in
the x direction) would occur at first order, U1x = ex · U1 = 0. Should there be any
such transverse migration, this dimensionless cross-streamline migration velocity
would scale similarly to U1x ∝ PesMa, leading to a linear dependence between the
dimensional cross-streamline migration velocity U∗1x and the background flow that
is similar to the first-order slip velocity, U∗1x ∝ Ub. This feature would violate the
symmetry requirement that the cross-streamline migration direction remains the
same upon reversal of the background flow direction. In other words, we expect
the dimensional cross-streamline migration velocity to scale in even powers of the
background flow, Ub. Transverse migration is therefore expected to occur at higher
orders.

Examining the second-order results in (5.1), the dimensional migration velocity
in the flow direction, U∗2z = ez · U2Ub ∝ Pe2

s Ma2Ub ∝ Ub, again scales linearly with
the background flow. The dimensional cross-streamline migration velocity, however,
scales quadratically with the background flow, U∗2x = ex · U2Ub ∝ Pe2

s Ma Ub ∝ U2
b ,

since the product Pe2
s Ma is proportional to Ub. The quadratic dependence implies

that the transverse migration direction is invariant upon reversal of the direction of
the Poiseuille flow. We see in (5.1) that the cross-streamline migration is always
towards the centre of the Poiseuille flow and depends linearly on the distance of the
drop from the centre of the flow. The linear dependence on b respects the symmetry
requirement that the transverse migration direction should reverse its sign when the
drop is placed at the same distance but on the opposite side with respect to the centre
of the Poiseuille flow, b→−b.

Finally, we remark on the quasi-steady-state approximation utilized in this paper.
The drop is placed in a spatially varying background flow. As the drop moves,
it samples different parts of the background flow, and the velocity and surfactant
distributions continually undergo a process of adjustment to the surroundings. The
drop therefore can never develop a steady motion at a location off-centre from the
Poiseuille flow when there is cross-streamline migration. To make analytical progress,
we have considered in this work a quasi-steady-state approximation, assuming the
velocity and surfactant distributions are established sufficiently fast compared with the
speed of the drop. The velocity field sets up instantaneously in the Stokes flow regime
(Re= 0). We also require the time scale involved in the surfactant redistribution (the
diffusive time scale, a2/Ds) to be much smaller than the time scales of the transverse
(a/Pe2Ma Ub) and longitudinal (a/Ub) migration of the drop. This implies, respectively,
the requirements Pe3

s Ma� 1 and Pes� 1, where the more conservative requirement
(Pes� 1) is the regime considered in this paper.
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Appendix A. The Hadamard–Rybczynski problem

The solution to the Hadamard–Rybczynski problem, which is the auxiliary problem
for (uaux, σaux) and (ũaux, σ̃aux) in the reciprocal theorem approach of § 3, is well
known and can be found in standard graduate fluid mechanics texts (e.g. Leal 2007).
Therefore, here we only repeat the results required in (3.10) at the interface (r = 1)
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for application of the reciprocal theorem:

uaux = ũaux = 1
2(1+ λ)(I − nn) ·Uaux, (A 1a)

n · σaux = 3
2(1+ λ)(λI + 2nn) ·Uaux, (A 1b)

n · (σaux − λσ̃aux) · n= 3(2+ 3λ)
2(1+ λ) n ·Uaux. (A 1c)

Appendix B. The zeroth-order solution
The zeroth-order solution in § 4 can be calculated from the work of Hetsroni

& Haber (1970) and Nadim & Stone (1991) for a spherical drop immersed in an
unbounded cylindrical Poiseuille flow, with a coordinate system centred at the centre
of the drop (see (3.19) and figure 1). In spherical coordinates, the velocity outside
the drop (u0 = u0rer + u0θeθ + u0φeφ) is given by

u0r = cos θ
2r5(1+ λ)(2+ 3λ)R2

0

{
4r5λ(1+ λ)− 3λ(2+ 3λ)+ r2(4+ 12λ+ 11λ2)

− (2+ 3λ)
[
(−5λ+ 2r2 + 7λr2) cos2 θ + 2r sin θ(3bλ cos φ − 2r2b cos φ

− 5r2bλ cos φ + 2r5b cos φ + 2r5bλ cos φ + r6 sin θ + r6λ sin θ)
]}
, (B 1a)

u0θ = 1
32r5(1+ λ)(2+ 3λ)R2

0

{
32brλ(2+ 3λ) cos2 θ cos φ + sin θ

[−64r5λ(1+ λ)

+ 3λ(2+ 3λ)+ r2(12− 4λ− 17λ2)+ 32r(2+ 3λ) sin θ(−bλ cos φ + 2r5b cos φ

+ 2r5bλ cos φ + r6 sin θ + r6λ sin θ)
]

− (2+ 3λ)(−15λ+ 2r2 + 7λr2) sin 3θ
}
, (B 1b)

u0φ = −bλ cos θ sin φ
r4(1+ λ)R2

0
, (B 1c)

and the velocity field inside the drop (ũ0 = ũ0rer + ũ0θeθ + ũ0φeφ) is given by

ũ0r = r2 − 1
4(1+ λ)(2+ 3λ)R2

0

{
cos θ

[−8(1+ λ)− r2(2+ 3λ)+ 5r2(2+ 3λ) cos 2θ
]

− 6br(2+ 3λ) cos φ sin 2θ
}
, (B 2a)

ũ0θ = 1
4(1+ λ)(2+ 3λ)R2

0

{
−2br(2+ 3λ)

[−2(1+ λ)+ (−3+ 5r2) cos 2θ
]

cos φ

+ [−8(1+ λ)+ 2r2(6+ 5λ)+ r4(6+ 9λ)

− 5r2(−2+ 3r2)(2+ 3λ) cos2 θ
]

sin θ
}
, (B 2b)

ũ0φ = br(5r2 − 2λ− 5) cos θ sin φ
2(1+ λ)R2

0
. (B 2c)
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The pressure fields outside (p0) and inside (p̃0) the drop are given, respectively, by

p0 = cos θ
4r4(1+ λ)R2

0

[
6+ 21λ− 16r5(1+ λ)− 5(2+ 7λ) cos2 θ

+ 8br(2+ 5λ) cos φ sin θ
]
, (B 3a)

p̃0 = r cos θ
(1+ λ)(2+ 3λ)R2

0

[−20(1+ λ)− 9r2(2+ 3λ)

+ 3r(2+ 3λ)(5r cos2 θ − 7b cos φ sin θ)
]
. (B 3b)

Appendix C. The first-order solution
With Γ1 and U1 determined in (4.11) and (4.14), respectively, the solution to the

first-order problem (4.4)–(4.7) in § 4.1 can be obtained by an approach similar to that
in Choudhuri & Raja Sekhar (2013), using representation for the general velocity and
pressure fields in Stokes flows obtained by Palaniappan et al. (1992). The first-order
velocity field outside the drop (u1 = u1rer + u1θeθ + u1φeφ) is given by

u1r = Ma(r− 1) cos θ
420r5R2

0(1+ λ)2(2+ 3λ)2

×
[
560r2(1+ λ)2 + 560r3(1+ λ)2 + 560r4(1+ λ)2 + 15(2+ 3λ)2 + 15r(2+ 3λ)2

− 3(2+ 3λ)2(1+ r)(25 cos 2θ − 84br cos φ sin θ)
]
, (C 1a)

u1θ = Ma
1680r5R2

0(1+ λ)2(2+ 3λ)2

×
{
−5
[
448r5(1+ λ)2 − 27(2+ 3λ)2 + r2(260+ 556λ+ 305λ2)

]
sin θ

+ 3(2+ 3λ)2
[
112br cos φ − 25(r2 − 3) sin θ

]
cos 2θ

}
, (C 1b)

u1φ = −b Ma cos θ sin φ
5r4R2

0(1+ λ)2
, (C 1c)

and the first-order velocity inside the drop (ũ1 = ũ1rer + ũ1θeθ + ũ1φeφ) is given by

ũ1r = Ma(r2 − 1) cos θ
140R2

0(1+ λ)2(2+ 3λ)2

×
{

280(1+ λ)2 + 5r2(2+ 3λ)2

+ r(2+ 3λ)2(−25r cos 2θ + 84b cos φ sin θ)
}
, (C 2a)

ũ1θ = Ma
280R2

0(1+ λ)2(2+ 3λ)2

×
{[

560(1+ λ)2 + 45r4(2+ 3λ)2 − 10r2(124+ 260λ+ 139λ2)
]

sin θ

+ r(2+ 3λ)2
[
28b(−3+ 5r2) cos φ + 25r(3r2 − 2) sin θ

]
cos 2θ

}
, (C 2b)

ũ1φ = bMa r(3− 5r2) cos θ sin φ
10R2

0(1+ λ)2
. (C 2c)
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The first-order pressure fields outside (p1) and inside (p̃1) the drop are given,
respectively, by

p1 = Ma (−75 cos θ − 125 cos 3θ + 336br cos φ sin 2θ)
560r4R2

0(1+ λ)2
, (C 3a)

p̃1 = Ma r
140R2

0(1+ λ)2(2+ 3λ)2

{[
2800(1+ λ)2 − 45r2(2+ 3λ)2

]
cos θ

+ 3r(2+ 3r)2(−25r cos 3θ + 98b cos φ sin 2θ)
}
. (C 3b)

Appendix D. Surfactant distributions
The first-order surfactant distribution, Γ1(θ, φ), is given by (4.11). The second-order

surfactant distribution, Γ2(θ, φ), can be determined similarly by performing the
projections in (4.17), and the result is

Γ2(θ, φ) = 2 Ma
R2

0(3λ+ 2)2
P0

1(cos θ)

+ 9b2(3λ+ 2)2(8+ 7λ)+ 400+ 750λ+ 351λ2

378R4
0(1+ λ)2(3λ+ 2)2

P0
2(cos θ)

− Ma
42R2

0(1+ λ)2
P0

3(cos θ)− 264b2(3λ+ 2)+ 850+ 835λ
4620R4

0(1+ λ)2(3λ+ 2)
P0

4(cos θ)

+ 25
4158R4

0(1+ λ)2
P0

6(cos θ)+ b(40+ 109λ+ 70λ2)

70R4
0(1+ λ)2(3λ+ 2)

P1
1(cos θ) cos φ

− b Ma
15R2

0(1+ λ)2
P1

2(cos θ) cos φ − b(310+ 351λ+ 45λ2)

1080R4
0(1+ λ)2(3λ+ 2)

P1
3(cos θ) cos φ

+ 2b
189R4

0(1+ λ)2
P1

5(cos θ) cos φ − b2(4+ 7λ)
252R4

0(1+ λ)2
P2

2(cos θ) cos 2φ

+ b2

210R4
0(1+ λ)2

P2
4(cos θ) cos 2φ. (D 1)

The first-order (Γ1) and second-order (Γ2) surfactant distributions are plotted with
specific values of parameters in figure 3 for visualization.
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