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Abstract
Free surface waves of moderate amplitude on a fluid endowed with vorticity
are calculated by computer-assisted perturbation expansions. Solitary waves
are generated by deriving the nonlinear evolution equation (NEE) for the free
surface displacement. Another recursive iteration procedure is then performed
on the NEE. Properties obtained from second- and third-order expansions are
computed explicitly for the case of a linear shear profile, or uniform vorticity
distribution. Comparisons with known results in the literature show excellent
agreement for small amplitude waves. Applications to non-uniform vorticity
distributions are feasible and valuable, as existing methods will generally
fail for nonlinear shear currents. Algebraic shear profiles U (y) = aym (a = a
constant, m not necessarily an integer) are tested, and backward modes display
peculiar properties. Examples include a non-monotonic trend in the half-width
of solitary waves and a local maximum in the velocity of the wave.

1. Introduction

Finite amplitude free surface waves in homogeneous and stratified fluids have been studied
intensively for many years (Aigner and Grimshaw 2001), and the focus here is on the
propagation of such waves on a significant shear current. The methodology adopted in this
work will concentrate on developing a higher order perturbation expansion (Johnson 2003).

There exist many reviews in the literature, but several sources would be particularly
relevant for the present purpose. Strongly nonlinear waves were considered by Schwartz
and Fenton (1982). Dias and Kharif (1999) discussed the roles of rotational and irrotational
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disturbances, bifurcation and the effects of surface tension on steep waves. Models of weakly
and fully nonlinear long waves were reviewed by Helfrich and Melville (2006). Many
geophysical examples and the relevance of shear flows were included in that work.

A substantial portion of existing works concerning waves on currents assumes that the
shear profile is linear, as this assumption simplifies the analysis. Earlier works compute steady,
steep surface waves on water with constant vorticity in a semi-infinite domain (Simmen and
Saffman 1985). Similar works were also performed for the finite depth case (da Silva and
Peregrine 1988). A brief, and certainly incomplete, review of this literature shows that most
works fall into one of the following categories: experiments, mathematical analysis, numerical
studies and perturbation series. Although we shall focus only on the last one, it is instructive
to look at representative works from other categories.

1.1. Linear shear

One regime for analytical progress is the case of weak shear, where both the amplitudes of
the wave and the shear flow are ‘small’ in a non-dimensional sense. Swan and James (2000)
highlighted the importance of the vorticity distribution near the free surface by a perturbation
sequence.

We shall, however, treat the case of a strong current. The shear flow is of order one, but a
perturbation sequence is developed in terms of a small parameter representing the amplitude.
In the case of a single layer or two-layer fluid with a linear shear profile, the dispersion relation
can be obtained analytically (da Silva and Peregrine 1988, Kantardgi 1995).

In the long wave regime, the kinematic problem of the stream function is formulated
in terms of the vertical coordinate and the free surface as the independent variables of the
Poisson equation (Miroshnikov 2002). The flow separations near the top or the bottom can
then be studied accordingly.

In certain regimes, it is possible to venture to large amplitude waves without resorting
to perturbation series. Choi (2003) calculated waves of arbitrary amplitude on a linear shear
under the sole assumption of long waves. The width of the solitary wave will depend on
whether the wave is traveling upstream or downstream. Furthermore, recirculation regions
will be present. The consideration is extended to a weakly stratified, two-layer fluid in a later
work (Choi 2006).

1.2. Arbitrary shear profiles

Large amplitude internal waves with arbitrary background shear current are considered by
Stastna and Lamb (2002). Propagation speed and half-width of the wave will depend on the
nature of this shear current.

Significant complications will arise if a critical layer (CL) occurs. CL is a place where
the phase velocity of the wave matches the flow velocity. Asymptotic matching, nonlinearity
and/or viscosity are required to resolve the ambiguity/discontinuity across the CL. Such an
example is considered for shear-driven gravity waves (Alexakis et al 2004).

Weakly stratified, long waves in a layered fluid with shear flows can generate a coupled
system of evolution equations, featuring a differential operator typical of the ‘intermediate
long wave’ system (Voronovich et al 2006).

1.3. Other aspects

Employing techniques of mathematical analysis, researchers have deduced properties of
waves with arbitrary, instead of uniform, vorticity distribution. However, the nature of the
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method has not permitted easy access to wave properties such as existence of recirculation
regions and dependence of the velocity on the wave number (Constantin and Escher 2004, Hur
2006, Wahlén 2006).

There is obviously no restriction on the wave amplitude in computational studies of wavy
disturbances in shear flows. The boundary integral method is a very popular approach in
homogeneous or layered fluids with a linear shear (McCue and Forbes 2002, Sha and Vanden-
Broeck 1995).

From the experimental perspectives, Swan et al (2001) measured the surface elevation
and the particle kinematics. They compared the results with existing wave–current interaction
theories. Yao and Wu (2006) placed the focus on the properties of transient, extreme waves
on a prescribed depth-varying current.

The structure of the paper can now be explained. The long wave expansion for an ideal
fluid endowed with vorticity is first reviewed (section 2). The second- and third-order results
for waves moving against a linear shear are given and compared with those from the fully
nonlinear treatment (section 3). Results for three shear profiles with non-uniform vorticity are
presented as illustrative examples (section 4). Results for waves moving in the same direction
as a linear shear current are also discussed briefly (section 5). Finally, conclusions are drawn
(section 6).

2. Background

Long wave expansions by balancing ‘small’ long wave and nonlinear parameters have been
investigated extensively in the last 50 years (Chow 1989, Helfrich and Melville 2006, Johnson
2003, Kakutani and Yamasaki 1978). Basically the linear theory predicts two modes for
a monotonic shear profile, one faster and the other slower than the current, termed here
the forward and backward modes, respectively. The next order shows that the well-known
Korteweg–de Vries equation will govern the evolution of the free surface. Extracting further
terms for the evolution equations of the free surface would require an oppressive amount of
algebra, and the details are presented in the appendix. The goal here is to accomplish this
objective with a computer software handling the symbolic manipulation.

Such higher order expansion can be applied to arbitrary shear profiles, not just the uniform
vorticity distribution.

Two remarks regarding this scheme are in order:

(a) The series is usually truncated due to computer memory limitations or the failure of
the software to perform the necessary symbolic integration. Higher order terms are then
neglected without knowing their explicit forms. It is thus not possible to make any
definitive conclusions regarding the convergence of the series.

(b) For general shear profiles, the arbitrary combination of coefficients of the nonlinear
evolution equation (NEE; equation (A.7) of the appendix) will render many elegant
techniques, e.g. inverse scattering, inapplicable. No standard techniques such as the
Painlevé tests (Yoshinaga 1995) have ever been applied to such equations (equation A.7)).
Instead, a power series of hyperbolic secants will be employed as an approximation of
the solitary wave (Chow 1989).

3. Linear shear U( y) = ay—backward modes

The usual Cartesian coordinates are adopted, i.e. x is the streamwise or horizontal direction
and y is the vertical direction. The lower boundary of the fluid is a rigid bottom at y = 0, and
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(a) (b)

(c)

Figure 1. Solitary wave profiles of wave amplitudes (a) 0.1, (b) 0.5 and (c) 1 for U (y) = ay
at a = 1: first-order solution (– ·– ·– ·–); second-order solution (– – – – –); third-order solution
(- - - - - - -); fully nonlinear model by Choi (2003) (——).

the undisturbed free surface is at y = 1. A parallel shear flow U (y) is established in 0 < y < 1,
and waves are allowed to propagate by introducing appropriate disturbances. In this section,
we focus on U (y) = ay, where a is a parameter characterizing the shear strength, and will
generalize the consideration to other algebraic powers in section 4.

We shall first take the linear shear profile as a comparison between the higher order
expansions here and other known methods of analytical/numerical treatment. The agreements
are excellent for small amplitudes, satisfactory for moderate amplitudes and indicative of the
general trend for very large amplitudes (figure 1). As a fairly low, i.e. second or third, order
expansion already can reproduce known results with a reasonable accuracy for a linear shear, it
seems plausible that such expansions can predict the qualitative and perhaps even quantitative
features for an arbitrary shear profile.

A critical feature of the dynamics is the appearance of a recirculation region, which only
occurs for backward modes. Hence, we focus on these modes in sections 3 and 4, and shall
discuss forward modes briefly in section 5. To serve as a validation and a justification for this
perturbation expansion procedure, we show the threshold amplitudes for the existence of such
eddies in a linear shear, comparing a second-order expansion with an independent method,
the fully nonlinear model of Choi (2003, 2006). The agreement is very satisfactory (figure 2).
A typical flow pattern in this regime is illustrated in figure 3.
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Figure 2. Threshold amplitudes for the existence of closed eddies as a function of the parameter
a in a linear shear U (y) = ay: second-order solution (——); results by Choi (2003) (– – – – –).

Figure 3. Patterns of streamlines for an upstream-propagating solitary wave with amplitude of 2
at parameter a being 1 for U (y) = ay.

4. Nonlinear shear profiles

For the purpose of illustration, we shall choose a profile convex to the right, U (y) = ay1/2,
and another one convex to the left: U (y) = ay2, with a being a real parameter (figure 4).

5



Fluid Dyn. Res. 41 (2009) 035511 O S Pak and K W Chow

Figure 4. Shear profiles at a = 1: U (y) = ay2 (– ·– ·– ·–); U (y) = a
√

y (– – – – –); U (y) =

ay (——).

Figure 5. Solitary wave profiles of wave amplitude 0.1 at a = 1: U (y) = a
√

y (– ·– ·– ·–);
U (y) = ay2 (– – – – –); U (y) = ay (——).

4.1. Half-widths of solitary waves

The linear shear is probably the dividing case, as this profile possesses exactly zero curvature.
For a fixed a (or undisturbed free surface velocity), the U (y) = ay1/2 profile exhibits a
significantly smaller half-width than the U (y) = ay2 profile (figure 5). Again only the
backward mode has been selected for studies, because recirculation regions can occur in this
regime.

4.2. Effects of vorticity on the shape of the solitary wave

We now enlarge the magnitude of the background vorticity by enhancing the parameter a, or
the free surface speed, as the shear profile is strictly increasing. The remarkable feature is that
the response may not be monotonic for some shear profiles.

As a control experiment, we start with the linear shear, where the solitary wave generally
becomes broader for larger values of the linear shear (figure 6).

6
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Figure 6. Solitary wave profiles of wave amplitude 0.1. The velocity profile is U (y) = ay. From
left to right: a = 0 (irrotational flow) (– ·– ·– ·–); a = 0.6, 1.2, 1.8 (——).

Figure 7. Solitary wave profiles of wave amplitude 0.1. The velocity profile is U (y) = ay2. From
left to right: a = 0 (irrotational flow) (– ·– ·– ·–); a = 0.6, 1.2, 1.8 (——).

For the U (y) = ay2 profile, generally the same trend holds, i.e. broader solitary waves
for larger magnitude of the vorticity (figure 7).

For the U (y) = ay1/2 profile, a completely different story emerges. The critical value for
the parameter will be a = 1. From a = 0 (irrotational flow) through a = 1, the solitary wave
becomes wider as the value of a increases (figure 8(a)).

For values of a beyond a = 1, the opposite happens, i.e. the solitary wave actually
contracts for larger values of a (figure 8(b)).

The precise reason for this non-monotonic trend is not clear. We do not know whether
this can be correlated with a maximum in velocity described later.

4.3. Speed of solitary waves

The speeds of these solitary pulses are calculated from an expansion of the solitary wave as
a power series in hyperbolic secants. For the case of linear shear U (y) = ay, the velocity
generally increases (algebraically) as the shear parameter a increases for sufficiently small a
(figure 9(a)).
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(a) (b)

Figure 8. Solitary wave profiles of wave amplitude 0.1. The velocity profile is U (y) = a
√

y. From
left to right: (a) a = 0 (irrotational flow) (– ·– ·– ·–); a = 0.2, 0.4, 0.6, 0.8, 1 (——); (b) a = 1.8,
1.6, 1.4, 1.2 (– – – – –); a = 1 (——).

(a) (b)

(c)

Figure 9. Solitary wave speeds with wave amplitude 0.1 as a function of shear strength a. The
velocity profiles are (a) U (y) = ay, (b) U (y) = ay2 and (c) U (y) = a

√
y: linear wave speed

(——); first-order wave speed (– ·– ·– ·–); second-order wave speed (– – – – –).

The first- and second-order values are almost indistinguishable, but generally
algebraically smaller than (but numerically larger than) the linear value for the backward
mode. However, the important feature is that there exists a local maximum. Beyond this
turning point, the velocity will decrease algebraically (but increase numerically, as the velocity
is negative) on enlarging a.

A linear theory would have predicted a monotonic increase in wave speed with increasing
shear strength. However, on incorporating the higher order expansion, even with just the
contributions from the first- and second-order terms, the velocity already displays a local
maximum.
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(a) (b)

Figure 10. Solitary wave profiles of the forward mode with wave amplitudes (a) 0.1 and (b) 0.5 for
U (y) = ay at a = 0.6: first-order solution (– ·– ·– ·–); second-order solution (– – – – –); third-order
solution (- - - - - - -); fully nonlinear model by Choi (2003) (——).

For the U (y) = ay2 profile (figure 9(b)), perturbation series will decrease the velocity
(algebraically). Again second- and first-order results are almost identical. No maximum
appears for the range of parameters tested. It is not known if a maximum will eventually
appear.

The U (y) = ay1/2 profile again displays the unexpected properties of possessing a
maximum (figure 9(c)). In other words, the speed will actually decrease (algebraically) if
we continue to enhance the shear strength beyond a certain threshold.

4.4. Substantiation of the claim

To verify that these special properties are not unique to the profile U (y) = ay1/2, the
calculations are repeated for another convex to the right profile, U (y) = ay1/3. Similar trends
are observed.

5. Linear shear U( y) = ay—forward modes

The algorithm developed applies to both the forward and backward modes. The former has
received less attention in the literature due to the absence of recirculation regions and also
because of a smaller amplitude compared to the latter. Figure 10 shows the first-, second- and
third-order expansions of the solitary wave for a linear shear profile U (y) = ay, as compared
with an independent, fully nonlinear (i.e. arbitrary amplitude) model of Choi (2003, 2006),
at a shear strength of a = 0.6. For a small wave amplitude, the first-, second- and third-order
expansions overlap almost identically with Choi’s fully nonlinear model.

For a moderate amplitude, first- and second-order solutions are almost indistinguishable.
Further differences from the backward mode are observed. More precisely, the convergence
to the fully nonlinear wave is not uniform, i.e. the perturbation approximations tend to
overestimate the nonlinear limit near the crest but underestimate in the far field. Whether this
feature remains true for other shear profiles is difficult to confirm, as the algebra associated
with a third- or higher-order expansion for arbitrary profiles is prohibitive.

Another remarkable feature from tables 1 and 2 is that the numerical error for a fixed,
say the third, order expansion actually decreases/increases for the forward/backward modes,
for increasing shear strength a. This might be explained by the following argument. From the
present perturbation calculations, as well as the earlier full numerical treatment (da Silva
and Peregrine 1988), the forward/backward modes are lower/higher than the irrotational
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Table 1. The first-, second- and third-order amplitudes of the solitary wave as a function of shear
strength (forward mode). The velocity profile is U (y) = ay: a = 0 corresponds to irrotational
flow; εA0 is the first-order amplitude; and εA0 + ε2(A + B) is the second-order amplitude; εA0 +

ε2(A + B) + ε3(A1 + B1 + C1) is the third-order amplitude. Error2−1 is defined as ε2(A+B)

ε A0+ε2(A+B)
;

Error3−2 is defined as ε3(A1+B1+C1)

ε A0+ε2(A+B)+ε3(A1+B1+C1)
.

εA0 + ε2(A + B)+
a ε εA0 εA0 + ε2(A + B) Error2−1 ε3(A1 + B1 + C1) Error3−2

0.000 0.10 0.133 3333 0.155 5556 14.3% 0.159 4074 2.41%
0.250 0.10 0.101 7867 0.117 0149 13.0% 0.119 4577 2.04%
0.500 0.10 0.075 0291 0.084 9994 11.7% 0.086 4616 1.69%
0.750 0.10 0.053 9228 0.060 2706 10.53% 0.061 1167 1.38%
1.000 0.10 0.038 1966 0.042 1939 9.47% 0.042 6775 1.13%

0.000 0.30 0.400 0000 0.600 0000 33.3% 0.704 0000 14.8%
0.250 0.30 0.305 3601 0.442 4143 31.0% 0.508 3673 13.0%
0.500 0.30 0.225 0874 0.314 8202 28.5% 0.354 2994 11.1%
0.750 0.30 0.161 7683 0.218 8992 26.1% 0.241 7438 9.45%
1.000 0.30 0.114 5898 0.150 5656 23.9% 0.163 6229 7.98%

Table 2. The first-, second- and third-order amplitudes of the solitary wave as a function of shear
strength (backward mode). The velocity profile is U (y) = ay: a = 0 corresponds to irrotational
flow; εA0 is the first-order amplitude; and εA0 + ε2(A + B) is the second-order amplitude; εA0 +

ε2(A + B) + ε3(A1 + B1 + C1) is the third-order amplitude. Error2−1 is defined as ε2(A+B)

ε A0+ε2(A+B)
;

Error3−2 is defined as ε3(A1+B1+C1)

ε A0+ε2(A+B)+ε3(A1+B1+C1)
.

εA0 + ε2(A + B)+
a ε εA0 εA0 + ε2(A + B) Error2−1 ε3(A1 + B1 + C1) Error3−2

0.000 0.10 0.133 333 33 0.155 555 56 14.3% 0.159 407 4 2.41%
0.250 0.10 0.167 601 05 0.198 163 02 15.4% 0.203 782 9 2.76%
0.500 0.10 0.201 893 27 0.241 287 92 16.4% 0.248 805 2 3.02%
0.750 0.10 0.233 796 53 0.281 550 48 17.0% 0.290 808 2 3.18%
1.000 0.10 0.261 803 40 0.316 764 42 17.35% 0.327 410 3 3.25%

0.000 0.30 0.400 000 00 0.600 000 00 33.3% 0.704 000 00 14.8%
0.250 0.30 0.502 803 16 0.777 860 90 35.4% 0.929 598 87 16.3%
0.500 0.30 0.605 681 80 0.960 227 64 36.9% 1.163 195 56 17.4%
0.750 0.30 0.701 389 59 1.131 175 14 38.0% 1.381 134 68 18.1%
1.000 0.30 0.785 410 20 1.280 059 42 38.6% 1.567 499 01 18.3%

counterpart (a = 0). For the forward mode, we speculate that, on increasing the shear strength
a, the smaller nonlinear limit, or the smaller ‘highest wave possible’, will make a fixed (say
the third) order expansion more effective. Consequently, the error will decrease. The opposite
argument will be true for the backward mode.

6. Conclusions

Free surface waves on fluids with vorticity are computed by an asymptotic expansion. The
coefficients of the NEE for the free surface are calculated by a computer algebra software
to the third order (O(ε3) in (A.7)) for a linear shear and second order (O(ε2) in (A.7)) for
other algebraic shear profiles. This work is thus an extension of the earlier Korteweg–de Vries
and Camassa–Holm models (Johnson 2003, Dullin et al 2003). The solitary waves are then
computed approximately by still another recursive procedure.
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We focus on the backward modes (those going against the current), as recirculation
regions might be present. For algebraic profiles U (y) = aym and on testing m = 2, 1, 1/2, 1/3,
we conjecture that m = 1 will be a dividing line. For m < 1, the two main features uncovered
are as follows:

(a) the non-monotonic behavior of the half-width of the solitary wave; and
(b) one (or possibly more) local maximum (maxima) in the velocity as the shear strength

increases. This feature might hold for m = 1 as well.

Comparisons with the highly nonlinear waves in irrotational flows are instructive. The
velocities of sufficiently large-amplitude waves in the irrotational regime actually oscillate
and have a large number of local maxima and minima (Schwartz and Fenton 1982). First-
and second-order expansions for waves in shear flows already display a local maximum in
velocity. Further studies will be fruitful.
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Appendix A

A brief sketch of the formulation is given. The governing equations are the inviscid equations
of motion and mass conservation (density = gravity = 1):

ut + u ux + v u y = −px , (A.1)

ε (vt + u vx + v vy) = −py − 1, (A.2)

ux + vy = 0, (A.3)

where p, u and v are the pressure, the horizontal and vertical velocities, respectively. Both
the nonlinear (ε = amplitude/depth) and long wave parameters (µ = depth/wavelength) are
assumed to be small with a balance of ε = µ2. The velocities are expanded in expressions
such as

u = U (y) + εu1 + ε2u2 + ε3u3 + O(ε4). (A.4)

We assume a parallel shear flow U (y) as the starting configuration. The kinematic and
dynamic boundary conditions at the free surface (y = h) are

ht + u hx = v, at h = 1 + ε η, (A.5)

p|y=h = constant. (A.6)

The evolution equation sought is

ηt = − c ηx + ε (−c1,1 η ηx − c1,2 ηx x x )

+ ε2 (−c2,1 η2 ηx − c2,2 ηx ηx x − c2,3 η ηx x x − c2,4 ηx xx x x )

+ ε3 (−c3,1 η3 ηx − c3,2 η3
x − c3,3 η ηx ηx x − c3,4 η2 ηx x x

− c3,5 η ηx x x x x − c3,6 ηx ηx x x x − c3,7 ηx x ηx x x − c3,8 ηx x x x x x x )

+ ε4 (· · ·) (A.7)

11
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Table A.1. Phase speed and coefficients of equation (A.7) for various linear shear profiles
U (y) = ay, forward mode.

a c c1,1 c1,2

0.0000 1.000 1.500 0.167
0.2500 1.133 1.519 0.129
0.5000 1.281 1.577 0.0986
0.7500 1.443 1.668 0.0749
1.0000 1.618 1.789 0.0569

a c2,1 c2,2 c2,3 c2,4

0.0000 −0.375 0.958 0.417 0.0528
0.2500 −0.370 0.765 0.305 0.0380
0.5000 −0.357 0.617 0.220 0.0267
0.7500 −0.337 0.507 0.156 0.0186
1.0000 −0.313 0.427 0.111 0.0128

a c3,1 c3,2 c3,3 c3,4 c3,5 c3,6 c3,7 c3,8

0.0000 0.188 0.594 1.438 0.313 0.238 0.749 1.100 0.0182
0.2500 0.187 0.465 1.062 0.204 0.164 0.548 0.856 0.0123
0.5000 0.184 0.372 0.798 0.128 0.111 0.401 0.668 0.00805
0.7500 0.179 0.306 0.620 0.0772 0.0733 0.295 0.527 0.00515
1.0000 0.173 0.258 0.503 0.0456 0.0483 0.222 0.423 0.00326

Table A.2. Phase speed and coefficients of equation (A.7) for various linear shear profiles
U (y) = ay, backward mode.

a c c1,1 c1,2

0.0000 −1.000 −1.500 −0.167
0.2500 −0.883 −1.519 −0.212
0.5000 −0.781 −1.576 −0.265
0.7500 −0.693 −1.668 −0.325
1.0000 −0.618 −1.789 −0.390

a c2,1 c2,2 c2,3 c2,4

0.0000 0.375 −0.958 −0.417 −0.0528
0.2500 0.370 −1.203 −0.555 −0.0713
0.5000 0.357 −1.499 −0.720 −0.0934
0.7500 0.337 −1.843 −0.906 −0.119
1.0000 0.313 −2.227 −1.111 −0.146

a c3,1 c3,2 c3,3 c3,4 c3,5 c3,6 c3,7 c3,8

0.0000 −0.188 −0.594 −1.438 −0.313 −0.238 −0.749 −1.100 −0.0182
0.2500 −0.187 −0.764 −1.940 −0.454 −0.331 −1.008 −1.409 −0.0258
0.5000 −0.184 −0.978 −2.570 −0.628 −0.444 −1.325 −1.779 −0.0350
0.7500 −0.179 −1.234 −3.312 −0.827 −0.573 −1.693 −2.205 −0.0456
1.0000 −0.173 −1.525 −4.143 −1.046 −0.715 −2.102 −2.676 −0.0572

where c is the leading order phase speed and the coefficients ci, j must render a sequence of
boundary value problems solvable (Chow 1989, Johnson 2003).

The leading order phase speed c and the coefficients ci, j in (A.7) for different shear
strengths a are tabulated in tables A.1 and A.2 for the forward mode and backward mode,
respectively. The first-, second- and third-order amplitudes of the solitary waves as a function
of shear strength are listed in tables 1 and 2 for the two modes. Not surprisingly, the error

12
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grows with the wave amplitude. The dependence of the error on the shear strength is discussed
in section 5.
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