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Abstract. The height, u(x, y), of a continuous, Lambertian surface of known albedo (i.e., grayness) is related to
n(x, y), information recoverable from a black and white flash photograph of the surface, by the partial differential
equation √

u2
x + u2

y − n = 0.

We review the notion of a unique viscosity solution for this equation when n is continuous and a recent unique
extension of the viscosity solution when n is discontinuous. We prove convergence to this extension for a wide class
of the numerical algorithms that converge when n is continuous. After discussing the properties of the extension
and the order of error in the algorithms simulating the extension, we point out warning signs which, when observed
in the numerical solution, usually indicate that the surface is not continuous or that the viscosity solution or its
extension does not correspond to the actual surface. Finally, we discuss a method that, in some of these cases, allows
us to correct the simulation and recover the actual surface again.

Keywords: shape-from-shading, viscosity solutions, discontinuous Hamilton-Jacobi equations, convergent
numerical methods

1. Introduction

The field of Shape-From-Shading studies how to re-
cover a 3-D surface using a 2-D image of the surface.
Consider the case where the 2-D image is a black and
white photograph taken by a camera located far from
the surface of interest using a flash as its only light
source. We define the direction the camera points to
be the negative z direction of a Cartesian (x, y, z) co-
ordinate system and assume that the z coordinate of
the surface can be described as a continuous function
u(x, y) (i.e., there are no shadows on the surface from
the flash). If the albedo—i.e., the grayness—of the sur-
face is known, then the brightness throughout the pho-
tographic image can be transformed into I (x, y), the
brightness of the photographic image that would occur
if the surface were completely white. If the surface is
Lambertian—i.e., the surface reflects light equally in
all directions—then I (x, y) is just the cosine of θ , the

angle between the positive z direction (due to the flash
being a vertical light source) and the outward surface
normal, which can be expressed in terms of the partial
derivatives of u:

I (x, y) = cos(θ) = 1√
1 + u2

x + u2
y

.

This Shape-From-Shading equation is easily trans-
formed into the eikonal form

√
u2

x + u2
y − n(x, y) = 0 (1)

where n(x, y) ≡
√

1
I 2 − 1 is known from the photo-

graphic information.
This paper is concerned with issues that arise in com-

puting the solutions to (1) when n is a discontinuous
function. In Section 2 of this paper, we review previous
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work which has established that there is a unique solu-
tion to (1) for the following three cases: (1) when u is
smooth, in which case there is a unique classical (i.e.,
smooth) solution, (2) when u is not necessarily smooth
but n is continuous, in which case there is a unique
viscosity solution, and (3) when n is not continuous,
in which case there is a recently determined unique
stable solution based on extending viscosity solutions.
Section 2 will also review computational work with
finite difference schemes that converge to the unique
solution in these first two cases. In Section 3, we will
quickly prove that, in the third case, most of these finite
difference schemes must also converge to the unique
solution. In Section 4, we will illustrate the use of this
scheme and also discuss some potential problems that
may arise. Specifically, while the viscosity solution is
unique for case 2, it may not correspond to the actual
surface. Because of this, the extension of viscosity so-
lutions for case 3 may suffer from the same problem.
For both cases 2 and 3, we will discuss how to look
for warning signs in the computed solution that typi-
cally indicate that the unique solution differs from the
actual surface. Finally, when these warnings signs are
present, we suggest a method for finding a new solution
which will sometimes (although not always) be able to
resolve these concerns.

2. Shape-From-Shading History

Numerous papers over the past 25 years have studied
the question of uniqueness and computation of the so-
lution to (1) (e.g., Horn, 1975; Horn and Brooks, 1989;
Frankot and Chellappa, 1988; Bruss, 1982; Saxberg,
1992; Eastwood, 1995). For example, if the surface is
known to be smooth and contains a finite, non-zero
number of critical points (i.e., locations where n = 0)
then, using only the value and concavity of n from a
single critical point, Dupuis and Oliensis (1993) have
established a control theory based algorithm that is
proven to converge to the actual surface (except possi-
bly near the edges of the photograph) as its mesh size
decreases.

If there is no a priori knowledge of the surface’s
smoothness, but n is continuous and the domain of
the photo is the closure of a bounded, open region,
�, in the (x, y) plane, then Rouy, Tourin, Lions, and
Ishii (Rouy and Tourin, 1992; Lions et al., 1993;
Ishii, 1987) have shown that (1) has a unique viscosity
solution, provided we know the height of the surface
on ∂� (i.e., the boundary of �) and at all critical points

in �. Using

H(x, y, Du) ≡
√

u2
x + u2

y − n(x, y), (2)

the viscosity solution for (1) is defined (see Crandall
and Lions, 1983; Crandall et al., 1984) as the bounded,
uniformly continuous (not necessarily smooth) func-
tion u where, for any smooth function φ,

H(x0, y0, Dφ(x0, y0)) ≤ 0

at any local maximum, (x0, y0), of u(x, y) − φ(x, y)

and

H(x0, y0, Dφ(x0, y0)) ≥ 0

at any local minimum, (x0, y0), of u(x, y) − φ(x, y).
(We will refer to this definition as the “original” vis-
cosity solution definition through the remainder of this
section.) This definition implies that the surface corre-
sponding to the viscosity solution may contain kinks
(that is, ridges) that point upwards, but the surface can-
not contain kinks pointing downwards.

Because H , the Hamiltonian defined in (2), is convex
in Du, the viscosity solution also has the following
control theory formulation (Rouy and Tourin, 1992;
Lions, 1982; Ostrov, 2000):

u(x, y) = inf
α(·)∈A

[ ∫ S

0
n(X (s)) ds + g(X (S))

]
, (3)

where A is the set of all measurable functions with
domain [0, S] and range S1 (that is, the set of all unit
vectors in R2), X (s) is a continuous path in � which
is subject to the dynamics

X (s) = α(s), X (0) = (x, y),

and X (S) ∈ {∂� ∪ critical points of �},

and g is the known height on {∂� ∪ critical points of
�}. Note that since α(s) is always a unit vector, X (s)
moves with unit speed. Therefore, s, which denotes
the arclength of X (s) can also be thought of as time,
so S denotes the first time that the path X (s) crosses
{∂� ∪ critical points of �}, the domain of g.

Both the original and the control theory formula-
tions of the viscosity solution have been used to es-
tablish the convergence of computational schemes to
the viscosity solution of (1). In Souganidis (1985) and
Barles and Souganidis (1991), the original formulation
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was exploited by Souganidis and Barles to establish the
convergence of a wide class of stable, consistent, mono-
tone finite difference schemes to the solution of many
equations of the form H(X, u, Du, D2u) = 0 where
X ∈ Rn . Rouy and Tourin (1992) applied this work to
the specific Hamiltonian defined in (2) allowing them
to establish a convergent scheme for the solution to (1).
Whereas Rouy and Tourin approximated the values for
their scheme by an iterative method, Sethian used a fast
marching level set approach to show that the values in
the scheme can be determined directly, allowing (1) to
be solved in O(m ln(m)) time where m is the num-
ber of grid points (Sethian, 1996). Related level set
and front propagation approaches have also been ob-
tained by Kimmel, Bruckstein, and others (Bruckstein,
1988; Kimmel, 1992; Kimmel and Bruckstein, 1995a,
1995b; Kimmel et al., 1995). At the same time, inde-
pendent of Sethian, Tsitsiklis (1995) also found the
exact same method of directly determining the val-
ues in the scheme, exploiting discretized versions of
the control theory formulation of the solution which
were proven convergent by Dupuis et al. (Dupuis and
Oliensis, 1993; Kushner and Dupuis, 1992; Dupuis and
Boué, 1999). Further, Tsitsiklis determined a method
to compute the solution in O(m) time (the theoreti-
cal minimum), but in general recommended using the
O(m ln(m)) method since the constant hidden by order
notation in the O(m) method is so large.

The viscosity solution requirement that n be con-
tinuous is a severe restriction since it is quite rare for
n to be continuous when the surface is not smooth;
i.e., it is almost always the case that discontinuities in
the surface gradient will cause discontinuities in the
photo brightness and therefore in n. Ishii (1985) de-
fined an extension of the original viscosity solution
definition which yields a unique solution for certain
types of discontinuous Hamiltonians. Tourin (1992)
generalized Ishii’s approach with the following defi-
nition: a bounded, uniformly continuous function u is
an (Ishii/Tourin) viscosity solution if, for any smooth
φ,

lim sup
(x,y)→(x0,y0)

H(x, y, Dφ(x0, y0)) ≤ 0

at any local maximum, (x0, y0), of u(x, y) − φ(x, y)

and

lim inf
(x,y)→(x0,y0)

H(x, y, Dφ(x0, y0)) ≥ 0

at any local minimum, (x0, y0), of u(x, y) − φ(x, y).

Tourin then applied this definition to (1), but ran into
obstacles in guaranteeing both uniqueness and exis-
tence. She did establish uniqueness and existence of
an Ishii/Tourin viscosity solution under the following
four conditions: (1) there is only one curve of discon-
tinuity and it divides � into two regions, R1 and R2,
(2) the limit of n as any specific point on the curve is
approached from R1 is always non-zero and less than
or equal to the limit of n as the point is approached
from R2, (3) � contains no critical points and n is
Lipschitz continuous except on the curve of disconti-
nuity, and (4) g ≡ 0 (i.e., u ≡ 0 on ∂�). Under these
restrictions, Tourin applied the same algorithm used
with Rouy for continuous n. The fourth restriction can
be relaxed some, but if it is relaxed too much, existence
problems may occur since the Ishii/Tourin viscosity
solution, like the original viscosity solution, may only
contain kinks that point upwards.

We illustrate these difficulties and motivate a new
notion of solution presented in Ostrov (2000) when n
is discontinuous by considering the 1-D analogue of
(1): ∣∣∣∣du

dx

∣∣∣∣ − n(x) = 0

where u(0) = a and u(3) = b (so � = (0, 3)). If a =
b = 0 and n ≡ 1 (a continuous function), the viscosity
solution is

u =
{

x if x ∈ [0, 1.5]

3 − x if x ∈ [1.5, 3]

and contains a single upward kink at x = 1.5. If a =
b = 0 and n ≡ 2 for x ∈ (0, 1] and n ≡ 1 for x ∈ (1, 3) (a
discontinuous function) then an Ishii/Tourin viscosity
solution exists:

u =
{

2x if x ∈ [0, 1]

3 − x if x ∈ [1, 3]

which also contains one upward kink. However, if we
consider a = 4, b = 0, and n ≡ 2 for x ∈ (0, 1] and n ≡ 1
for x ∈ (1, 3), the obvious solution

u =
{

4 − 2x if x ∈ [0, 1]

3 − x if x ∈ [1, 3]

contains a downward kink and is therefore not an
Ishii/Tourin solution, and, in fact, no Ishii/Tourin solu-
tion satisfying the boundary conditions exists.
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In Ostrov (2000), a new extension of the viscosity
solution for (1) with discontinuous n was introduced
which defines a unique, stable solution that may con-
tain downward kinks as in the example above and is
subject to almost none of Tourin’s restrictions. Specif-
ically, the discontinuities of n within � can be com-
prised of any finite number of curves (or points) Ci that
conform to the following (numerous, but very weak) re-
strictions: (1) the arclength of each Ci is finite, (2) the
number of locations where each Ci fails to be C2 is fi-
nite, (3) the number of intersections of any curve with
itself or the other curves is finite and the angle between
curves when they meet is non-zero, (4) the limit of n
as any Ci is approached from either side is non-zero
and as one progresses down each Ci , the side of the
curve where n’s limit is higher cannot switch an infi-
nite number of times, and (5) ∂� is smooth on either
side of a point of intersection between ∂� and any Ci ,
(although ∂� may fail to be smooth at the point of in-
tersection, so Ci is allowed to intersect ∂� at a corner
of ∂�.) We also assume that n has an upper bound, B,
and that n is Lipschitz continuous except, of course,
on the Ci ’s. Throughout the remainder of this paper
we will assume all discontinuous n conform to these
restrictions.

The new extension is motivated by stability con-
cerns. Specifically, let �′ denote the set of all loca-
tions in � where n is continuous and define for each
(x, y) ∈ �,

nε(x, y)

≡ inf
(ξ,η)∈�′

(
n(ξ, η) + B

ε

√
(x − ξ)2 + (y − η)2

)
,

nε(x, y)

≡ sup
(ξ,η)∈�′

(
n(ξ, η) − B

ε

√
(x − ξ)2 + (y − η)2

)
.

The nε are continuous functions that monotonically in-
crease to n on �′ as ε → 0; the nε are continuous func-
tions that monotonically decrease to n on �′ as ε → 0.
Since the nε and nε are continuous, they correspond
to unique viscosity solutions unε

and unε . In Ostrov
(2000), it is shown that for any (x, y) ∈ �, the limit as
ε → 0 of unε

and unε coincide, allowing the solution u
to be defined as

u(x, y) ≡ lim
ε→0

unε
(x, y) = lim

ε→0
unε (x, y). (4)

Because this solution, u, is approached by the viscos-
ity solutions corresponding to nε and nε (and many

other continuous approximating ni , including convo-
lutions of n), we will refer to u as an extended viscosity
solution, even though it is often not itself a viscosity
solution. Also, in Ostrov (2000), it is established that
the extended viscosity solution, u, has a control the-
ory representation similar to the representation of the
viscosity solution when n is continuous; specifically,

u(x, y) = inf
α(·)∈A

[ ∫ S

0
n∗(X (s)) ds + g(X (S))

]
(5)

where A is the set of all measurable func-
tions from [0, S] to S1, X (s) = α(s), X (0) = (x, y),
X (S) ∈ {∂� ∪ critical points of �}, and n∗ is defined
to be equal to n at every (x, y) where n is continuous
and, for every (x, y) where n is discontinuous, n∗ can
take any value in the interval

[
lim inf

(ξ,η)→(x,y)
n(ξ, η), lim sup

(ξ,η)→(x,y)

n(ξ, η)

]
.

3. Convergence of Finite Difference Schemes

From the representation of the extended viscosity so-
lution, u, in (5), it is intuitive (and shown rigorously
in Ostrov, 2000) that for continuous or discontinuous
functions n1 and n2 where n1(x, y) ≥ n2(x, y) for all
(x, y) ∈ �, the corresponding solutions un1 and un2

also have the property un1(x, y) ≥ un2(x, y) for all
(x, y) ∈ �—given that g is the same for both cases.
We now show that any finite difference scheme that
reflects this monotonicity in n and converges to the so-
lution when n is continuous must also converge to the
solution when n is discontinuous.

Specifically, let us define uρ
n (x, y) to be the numer-

ical approximation to the extended viscosity solution,
u, corresponding to n. (Since g is fixed in our discus-
sion, we suppress the dependence on g in the notation
for the approximation.) The approximation is defined
for all (x, y) on the mesh M ≡ � ∩ {�xZ × �yZ}
and we use ρ to denote the specific mesh (�x, �y)
and the mesh size in the sense that ρ → 0 means �x ,
�y → 0. We will define a scheme to be monotonic in
n if n1 ≥ n2 for all (x, y) ∈ M implies uρ

n1 ≥ uρ
n2 for all

(x, y) ∈ M . We can now establish the convergence of
finite difference schemes for discontinuous n:

Theorem 1. Any finite difference scheme for (1)
that is monotonic in n and converges to the viscosity
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solution when n is continuous must also converge to the
extended viscosity solution, u, when n is discontinuous.

Proof: If the scheme is monotonic in n, the fact that
nε ≤ n∗ ≤ nε implies that

uρ
nε

≤ uρ
n∗ ≤ uρ

nε

for all ρ, ε > 0 and (x, y) ∈ M . Now let the mesh size
ρ → 0. Since the scheme converges for continuous n,
limρ→0 uρ

nε
= unε

and limρ→0 uρ
nε = unε , therefore

unε
≤ lim inf

ρ→0
uρ

n∗ ≤ lim sup
ρ→0

uρ
n∗ ≤ unε

for all ε > 0. Letting ε → 0 and applying (4), we have
that

u ≤ lim inf
ρ→0

uρ
n∗ ≤ lim sup

ρ→0
uρ

n∗ ≤ u,

which implies that lim
ρ→0

uρ
n∗ = u,

where u is the extended viscosity solution correspond-
ing to the discontinuous n∗. ✷

It would be surprising to find a convergent scheme
that failed to be monotonic in n given that the mono-
tonicity must exist in the continuum case. For example,
the class of schemes formed by discretizing the control
theory representation of the solution and proven to be
convergent by Dupuis et al. (Dupuis and Oliensis, 1993;
Kushner and Dupuis, 1992; Dupuis and Boué, 1999) are
easily seen to be monotonic in n for the same reason
their continuum counterparts are monotonic. Though
less intuitively obvious, Rouy and Tourin’s scheme in
also monotonic in n. This follows from the fact that
Sethian’s direct computation of the Rouy and Tourin
solution in Sethian (1996) for �x = �y is the same
algorithm as Tsitsiklis’s, and Tsitsiklis (1995) showed
that his algorithm was in the class of discretized control
theory schemes considered by Dupuis.

The Sethian/Tsitsiklis scheme is a modification of
the Dijkstra algorithm in the sense that the scheme
works by building the solution up from the lowest val-
ues of u to the highest values of u. Therefore, reflect-
ing the control theory perspective in (5), it starts at the
smallest value of g on the boundary/critical points and
works upward, never utilizing the values of g that cor-
respond to local maxima of u, which we will exploit in
the next section.

4. Numerical Experiments

In this section we will use the term “(extended) viscos-
ity solution” to simultaneously refer to the viscosity
solution for continuous n and the extended viscosity
solution for discontinuous n. Also, as in the introduc-
tion, u will represent the actual surface, as opposed
to the previous two sections where u represented the
(extended) viscosity solution. In both of the examples
presented in this section, we define the domain of the
photograph, �, to be (0, 1) × (0, 1) and, unless other-
wise specified, we approximate � by a 100 × 100 grid
(i.e., �x = �y( = ρ) = 0.01). Because of its speed and
simplicity, we will employ the Sethian/Tsitsiklis algo-
rithm to determine uρ , the numerical approximation
on the grid to the (extended) viscosity solution. Often,
the (extended) viscosity solution will equal u, the ac-
tual surface, but this is not guaranteed. In this section,
we will discuss warning signs which typically indicate
cases where the two are not the same, and we will also
describe how to remedy this problem in some of these
cases.

For our first example, the extended viscosity solu-
tion will equal the surface, u. The surface we consider
is

u(x, y) = max(81[(x − 0.1)2 + (y − 0.5)2],

[(x + 0.9)2 + (y − 0.5)2]),

which describes the intersection of two paraboloids:
one centered at (0.1, 0.5), the other at (−0.9, 0.5). In
Fig. 1(a) we show the n function determined from
the photograph of u; in Fig. 1(b) we show u0.01, the
approximation of the extended viscosity solution de-
termined from n and the value of u along the square
perimeter of the domain (note that there are no critical
points). In the figure we present only the subsection
of the domain where (x , y) ∈ [0, 0.3] × [0.25, 0.75] so
that the intersection of the two paraboloids can be seen
clearly.

Two types of characteristic curve patterns occur
on the circle where the two paraboloids intersect,
(x − 9

80 )2 + (y − 1
2 )2 = ( 9

80 )2. For Eq. (1), the char-
acteristic curves always flow in the direction of the
gradient, Du. Therefore, outside the circle of the inter-
section, where the surface behaves like the paraboloid
centered at (0.1, 0.5), the characteristics emanate in
straight lines from (0.1, 0.5); inside the circle where the
surface behaves like the paraboloid centered at (−0.9,
0.5), the characteristics emanate in straight lines from
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(a)

(b)

Figure 1. Reconstruction of two intersecting convex paraboloids where �x = �y = 0.01. In Fig. 1(a), we show the n(x, y) function determined
from the photograph. The horizontal axis represents the values of x between 0 and 0.3; the vertical axis represents the values of y between 0.25
(at the top) and 0.75 (at the bottom). In Fig. 1(b), we show the reconstruction of the parabolas over the same region. The x-axis goes into the
plane of the page, the y-axis is horizontal, and the value of u(x, y) is on the vertical axis.
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(−0.9, 0.5). This means that characteristics propagate
through the section of the circle where x > 18

205 , but,
more importantly, on the section of the circle where
x < 18

205 , characteristics propagate out of both sides of
the circle (see Fig. 2), which can never happen in a
viscosity solution where n is continuous (due to the
parallels with entropy solutions in conservation laws).
In an Ishii/Tourin viscosity solution, not only is it im-
possible for characteristics to emanate from both sides
of a discontinuity in n, but it is also impossible to have
characteristics propagate through discontinuities in the
manner seen for x > 18

205 , since this also leads to down-
ward kinks in the solution.

Interesting behavior also occurs in the error between
u and its approximation uρ . Souganidis (1985) estab-
lished that—when n is continuous—the maximum
(L∞) error between u and uρ is, at wrost, of order
ρ

1
2 ; experimentally, order ρ behavior is observed (e.g.,

remark 3 in Rouy and Tourin (1992)). For the discon-

Figure 2. Characteristic behavior in the solution. Note that charac-
teristics are created on both sides of the circle when x < 18

205 , which
cannot happen at shocks in viscosity solutions when n is continuous.
The characteristics pass through the circle when x ≥ 18

205 .

tinuous n here, however, we observe different conver-
gence behavior. For larger meshes (ρ > 0.00116), the
maximum error occurs near the points (1, 0) or (1, 1),
where the value of the reconstructed solution is affected
by characteristics that propagate through the disconti-
nuity and the error appears to be first order (see Fig.
3(a)). For smaller meshes (ρ < 0.00116), however, the
maximum error occurs near the points (0, 0) or (0, 1),
where the value of the reconstructed solution is af-
fected by characteristics created at the discontinuity
(i.e., coming from the x < 18

205 region of the circle) and
the order of the error appears to be lower than 1

2 (see
Fig. 3(b)).

We next consider cases where there are po-
tential problems in using the (extended) viscosity
solution—and therefore its corresponding numerical
reconstruction—to describe the actual surface. One
possible problem is that the (extended) viscosity so-
lution may not be continuous at some critical or
boundary points. Because the solution is built up-
ward from g(x, y), the given boundary and criti-
cal point data, if the reconstructed (extended) vis-
cosity surface is discontinuous at a point (x0, y0),
then g(x0, y0) > lim(x,y)→(x0,y0) limρ→0 uρ(x, y), i.e.,
g must always be above the (extended) viscosity solu-
tion when there is a discontinuity at boundary or crit-
ical points. However, one of the advantages of using
(extended) viscosity solutions to construct our solu-
tion is that the (extended) viscosity solution is always
the greatest possible weak solution (i.e., uvisc. ≥ uweak

for all (x, y)), which means that if the computed solu-
tion is not continuous at some boundary/critical point,
then no weak solution can be, and therefore the given
boundary and critical point data cannot correspond to
any continuous surface. Therefore, we can conclude in
this case that the actual surface is discontinuous (or not
Lambertian) and hence is beyond the scope of surfaces
considered in this paper.

Sometimes the (extended) viscosity solution is con-
tinuous but still does not correspond to the actual
surface, even if the actual surface is also continu-
ous. For instance, if our surface in the first example
had been

u(x, y) = max(81[(x − 0.1)2 + (y − 0.5)2],

[(x + 0.9)2 + (y − 0.5)2 − 0.01]) (6)

—so the second paraboloid is now translated 0.01 units
downward—we would have locations in the interior
of the domain where the surface is lower than all the
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Figure 3. Order of error in the numerical simulation. In Fig. 3(a), we show the L∞ error of the numerical solution for large meshes, which
conforms with the order 1 error observed when n is continuous. In Fig. 3(b), we show the L∞ error for smaller meshes, and the observed order
of the error, 0.284, is below the theoretical bound of 0.5 for continuous n.

boundary and critical points. Since, by (5), the solution
is built upwards from g, the boundary and critical
point data, the (extended) viscosity solution and its cor-
responding numerical reconstruction cannot possibly
correspond to the actual surface. (This phenomenon is
easier to visualize for the following 1-D case: if u = |x |
and � = (−1, 1) then n = 1 and g only tells us that
u(−1) = u(1) = 1, so, from the 1-D analogue of (3),
the viscosity solution must be 2 − |x |, which is the
actual surface flipped over.)

How can we determine when this has happened?
We recommend the following rule: reject (or at least
be extremely suspicious of ) any (extended) viscos-
ity solution containing gradient discontinuities that
do not correspond to discontinuities in n. Real sur-
faces that exhibit this type of behavior are extremely
unlikely since they would require that at every point
where the gradient is discontinuous and n is contin-
uous, the angle between the unit normal to the sur-
face on one side of the discontinuity and the z axis
would have to be exactly the same as the angle for the
other side of the discontinuity. When the (extended)
viscosity solution exhibits this behavior, as it will for
our example in (6), it is almost always indicative that
the (extended) viscosity solution is not the same as
the actual surface. (Note that this recommendation

implies that when n is continuous, only smooth vis-
cosity solutions, that is, classical solutions, should be
accepted.)

When (extended) viscosity solutions exhibit this be-
havior, it is sometimes possible to remedy the problem.
Consider the n function in Fig. 4(a), which corresponds
to our second example, the surface

u(x, y) = max




1 − 6
(
x − 1

4

)2 − 3
(
y − 3

4

)2
,

3
2 − 6

(
x − 3

4

)2 − 6
(
y − 1

4

)2
,

1
2 x + 1

2 y


.

The reconstruction of the extended viscosity solution
using g—which specifies u on the domain’s perimeter
and at the two critical points, (0.25, 0.75) and (0.75,
0.25)—and n leads to the picture in Fig. 4(b). The
extended viscosity solution represented in this picture
does not correspond to u, the original surface, and—as
we expected from our rule—it also contains a gradi-
ent discontinuity where n is continuous between the
two critical points. However, by using −uρ where uρ

is the solution corresponding to −g and n, we get
a reconstruction that does correspond to the original
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(a)

(b)

Figure 4. Reconstruction of two concave paraboloids intersecting with a plane where �x = �y = 0.01. In Fig. 1(a), we show the n(x, y)

function determined from the photograph. The horizontal axis represents the values of x between 0 and 1: the vertical axis represents the values
of y between 0 (at the top) and 1 (at the bottom). In Fig. 4(b), we show the reconstruction from Eq. (1), which contains a false crease between
the tops of the two paraboloids. Note that n is continuous where the crease occurs. The x-axis appears to the right of the y-axis in the figure,
and the value of u(x, y) is on the vertical axis. In Fig. 4(c), we show the reconstruction from Eq. (6), the negation of Eq. (1). Here, the crease is
“removed” and the reconstruction corresponds to the original surface.

(Continued on next page.)
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(c)

Figure 4. (Continued ).

surface (see Fig. 4(c)). This same trick also produces
the original surface given in (6).

What we have actually done is compute the (ex-
tended) viscosity solution corresponding to

−
√

u2
x + u2

y + n(x, y) = 0, (7)

the negation of (1). For continuous n, the viscosity solu-
tion for (7) can only contain kinks pointing downwards
(as opposed to (1) where the kinks must point upwards),
which can potentially lead to a different solution both
when n is continuous or discontinuous. From the con-
trol theory (or computational) perspective, we are now
starting at the boundary/critical points and building
our solution downwards as opposed to upwards. We
note that this only works sometimes: if, for example,
both the maximum height of the surface is greater than
the maximum of g and the minimum height of the
surface is less than the minimum of g, then neither
the unique (extended) viscosity solution to (1) nor the
unique (extended) viscosity solution to (7) will corre-
spond to the actual surface. In this case there is no clear
recipe for finding the actual surface without additional
information.
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